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Abstract. In this paper we prove that if 4> : C — > C is a if-quasiconformal map, 
with K > 1, and E C C is a compact set contained in a ball B, then 

d ^^-m {E) > c _i ( i(he)) \ 

diam( J B)"^ ~ " \diam((/>(B)) J 
where 7 stands for the analytic capacity and C ik 2K+1 is a capacity associated 

2K + 1 ' K+1 

to a non linear Riesz potential. As a consequence, if E is not A"-removable (i.e. 
removable for bounded if-quasiregular maps), it has positive capacity C ik 2K+1 . 



2K+1 ' K + 1 

This improves previous results that assert that E must have non cr-finite Hausdorff 
measure of dimension 2/(K +1). We also show that the indices 2 k+i > T£+T 
are sharp, and that Hausdorff gauge functions do not appropriately discriminate 
which sets are i^-removable. So essentially we solve the problem of finding sharp 
"metric" conditions for if-removability. 



1. Introduction 

A homeomorphism : Q — > Q' between planar domains is called if-quasiconformal 
if it preserves orientation, it belongs to the Sobolev space W^ip), and satisfies 

max \d a (j)\ < K min \d a <j)\ a.e. in Q. 

a 

If one does not ask to be homeomorphism, then one says that is quasiregular. 
When K = 1, the class of quasiregular maps coincides with the one of analytic 
functions. 

A compact set E C C is said to be removable for bounded -fT-quasiregular maps 
(or, i^-removable) if for every open set Q D E, every bounded K- quasiregular 
map / : Q \ E — > C admits a K-quasiregular extension to Q. By Stoilow's 
theorem, it turns out that E is ^-removable if, and only if, for every planar K- 
quasiconformal map 0, (f>{E) is removable for bounded analytic functions (i.e. 4>{E) 
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is 1-removable) . The Painlev problem for E-quasiregular mappings consists in de- 
scribing E-removable sets in metric and geometric terms, in analogy to the classical 
Painlev problem of characterizing removable sets for bounded analytic functions in 
metric and geometric terms (i.e. precisely the case K — 1). In this case (K = 1), a 
"solution" in terms of the so called curvature of measures was obtained in [Tol03] 
(see also [Tol05]). 

The analytic capacity of a compact set E C C is defined by 



where the supremum is taken over all bounded analytic functions / : C \ E — > C 
with H/lloo < 1, and 



This set function was introduced by Ahlfors in order to study the Painlev problem 
for bounded analytic functions. He showed that E is removable for these functions 
if and only if 7(E) = 0. By the relationship between 1-removable and K- removable 
sets explained above, it turns out that E is ^-removable if and only if / ~f(<f)(E)) = 
for all planar E-quasiconformal maps. 

An old theorem of Painlev shows that 'y(E) < Ti}{E) for any compact set E, 
where li}(E) denotes the one-dimensional Hausdorff measure (length) of E. This 
result gives the sharp condition in terms of Hausdorff measures for removability for 
bounded analytic functions, since sets of zero length are removable, but there are 
sets of positive length which are not removable (e.g. a line segment.) 

By Painlev's theorem, if j((j)(E)) > 0, then <f>(E) has positive length, and so 
it has Hausdorff dimension at least I. By the celebrated theorem of Astala on 
the distortion of area [Ast94], this forces the Hausdorff dimension of E to be at 
least 2/(K + 1). Quite recently, in [ACM + 08] it was shown that, in fact, the 

2 

Hausdorff measure 7i K + 1 (E) must be positive and, moreover, non a-finite. To get 
this result, the authors proved, on the one hand, that if ft 1 (0(E)) is non a-finite, 

2 

then 7i K + 1 (E) is also non u-finite (see [LSUT] for related recent results). On the 
other hand, if Ti}{4>{E)) is cr-finite and 7(0(E)) > 0, from David's solution of 
Vitushkin's conjecture [Dav98] and the countable semiadditivity of analytic capacity 
[Tol03], it turns out that <p(E) contains some rectifiable subset of positive length. 
Using improved distortion estimates for the dimension of rectifiable sets, the authors 
showed that in this case the Hausdorff dimension of E must be strictly larger that 

2 

2/(K + 1), and so / H 1 <+ l (E) is also non a-finite in this case. 

Moreover, in [ACM+08] it was also shown (see Theorem 8.2 below) that for any 

2 

measure function h(t) = t~K+\ s(t) such that 



7 (£)=sup|/'(oo)l, 



f(oo)= hm z(f(z)-f(oc)). 
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there is a compact set E which is not X-removable and such that < H h (E) < oo. 
In particular, whenever e(t) is chosen so that in addition for every a > we have 
t a /e(t) — > as t — > 0, then there is a non- .^-removable set E with dim(E) = 
-^q-j-. Note that there is a small "gap" between the sufficient condition for the 
gauge function h for the existence of non- .^-removable sets just mentioned, and the 
sufficient condition for irremovability of sets also from [ACM + 08] mentioned before 

2 

(namely that H K+1 (E) be a-fmite, see Theorem 8.1 below.) 

The main result of this paper improves on the preceding results, giving the sharp 
"metric" condition for ^-removability in terms of Riesz capacities (i.e. closing the 
aforementioned "gap" ) : 

Theorem 1.1. Let E C C be compact and <p : C — > C a K -quasiconformal mapping, 
K > 1. If E is contained in a ball B, then 

d Mi' 2 -m( E) > c _i ( ii<t>{E)) \ ^ 

diam( J B)^r ~ V diam (0( 5 ))/ 
In this theorem, the constant c depends only on K. On the other hand, C 2K 2k+i 

2K+1 ' K+1 

is a Riesz capacity associated to a non linear potential. Recall that, for a > 0, 
1 < p < oo with < ap < 2, the Riesz capacity C a>p of F is defined as 

C a>p (F)=supt,(Fy, 
where the supremum runs over all positive measures \i supported on F such that 



IM(x) = I 1 dfi(x) 



satisfies ||/ Q (//)|| p / < 1, where as usual p' = p/(p — 1). 

It is easy to check that C a . p is a homogeneous capacity of degree 2 — ap, that is, 

C a p(\F) = |A| 2 aP C 2K 2K+1 (F) 
2K+1 ' K+1 

for any compact set F C C and A G C. Therefore, C 2K 2k+i has homogeneity 

2K+1 ' K+1 

2/(K + 1). The indices a = 2K+\ -> P = 2 r+i ; are snar P an d cannot be improved in 
the theorem. See Theorem 8.8 below for a more precise statement. 

It is well known that sets with positive capacity C a>p have non cr-finite Hausdorff 
measure 7i 2 ~ ap . So as a direct corollary of Theorem 1.1 one recovers the result of 
[ACM+08] that asserts that if i(<p(E)) > 0, then H^(E) is non tr-finite. 

2 

On the other hand, not all sets with non cr-finite H K+1 measure have positive 
capacity C 2K 2k+i. So Theorem 1.1 provides new examples of ^-removable sets. 

2K+1 ' K+1 

More precisely, for any increasing nonnegative function h on [0, oo), with 

h{r)\ 1+ T? dr 
— — I — = 00 

r K+1 
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there is a compact set E C C such that the generalized Hausdorff measure 7i h (E) > 
and C 2k 2k+i(E) = 0. See Theorem 8.3 below. 

2K+1 ' K+1 

However, for any positive function h on (0, oo) such that 

h(r) 

£ (r) = -y- ^ as r -> 0, 

f K+1 

there is a compact set E C C such that 7i h {E) = and a fT-quasiconformal map 
such that 'y(d)E) > (and hence C_2k_ 2k+i (E) > 0, due to Theorem 1.1.) See 

2K+1 ' K+1 

Section 8 (in particular, Theorem 8.5) for more details and examples. 

The results just mentioned strongly suggest 1) that the "gap" left in [ACM + 08] 
in terms of characterizing sharp "metric" conditions for K-removability cannot be 
closed in terms of Hausdorff gauge functions, 2) that the language of (Riesz) capaci- 
ties is more appropriate to obtain sharp "metric" conditions for K-removability, and 
3) that (in view of the aforementioned Theorem 8.8 below and the fact that we re- 
cover the previously known sufficient conditions for K- removability from [ACM+08]), 
we close the "gap" by obtaining sharp "metric" conditions for i^-removability in 
terms of Riesz capacities. 

For our purposes, the description of Riesz capacities in terms of Wolff potentials 
is more useful than the above definition of C a ^ p . Consider 

p'-i 



A well known theorem of Wolff asserts that 

C a , P ( F ) ~ sup/i(F), 



where the supremum is taken over all measures \x supported on F such that W£ p (x) < 
1 for all x e F. See [AH96, Chapter 4], for instance. Notice that for the indices 



a = Mi' p = fSf' we have 



K+1 

' f /i(B(x, r))\ K dr 



Iq \ t k+i 



We will also prove the following result in this paper. 

Theorem 1.2. Let 1 < p < oo, E C C be compact and : C — > C a K- 

quasiconformal mapping. Then, 

(a) If E is contained in a ball B, 



C 2K 2_K^ K+l(E) ^ f C 1/p , p (<t>(E)) y K+1 



2Kp-K+l ' K+ 



diam(5)^ ~ ^ diam(0(5)) J 
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(b) If (f) is conformal outside E, K -quasiconformal in C, and moreover, \(f>(z) — 
z\ = 0(l/\z\) as z — > oo ; then 

C 1/p , p (E) » Ci/ PiP ((f>(E)) (1.2) 

TTie constants in (1.1) and (1.2) onto/ depend on p, K. 

Notice that the capacity Ci/ pp is homogeneous of degree 1, while C 2k 2k p -k+i 

2Kp-K+l' K+l 

is homogeneous of degree 2/(K + 1). 

To understand the relationship between analytic capacity and non linear poten- 
tials, we need to recall the characterization of analytic capacity in terms of curvature. 
For x E C, denote 

c%x) := J J R ^ yz y Mv)Mz), (!-3) 

where R(x, y, z) stands for the radius of the circle through x, y, z (with R(x, y, z) = 
oo if the points are colinear). 

Theorem A. For any compact E C C we have 

7(E) ~ sup/i(E), 

where the supremum is taken over all Borel measures fi supported on E such that 
fj,(B(x, r)) < r for all x G C, r > and c^(x) < 1 for all igC. 

The inequality i(E) > sup /jl(E) is due to Melnikov [Mel95], while the (more 
difficult) converse was proved in [Tol03]. 
It is easy to check that 



From this fact, one infers that 

l(F)>c- 1 C 2/3>3/2 (F) (1.4) 
for every compact set F. On the other hand, Theorem 1.2 tells us that 

2k+i(E) > c- 1 C 2/3:3/2 (<P(E)) (1.5) 

2K+1 ' K+l ' ' ' 

(assuming diam(S) = diam(0(i?)) = 1). If the estimate 'y(F) ~ C 2 / 3}3 / 2 (F) were 
true, then Theorem 1.1 would follow from this and (1.5). However, the comparability 
of 7 and C 2 / 3 3 / 2 is false (for instance, if F is a segment, 7(F) > 0, while C 2 / 3 3 / 2 {F) = 

o). 

Nevertheless, for Cantor type sets F such as the ones considered in [Mat96] and 
[MTV03] it is true that 7(F) ~ 62/3,3/2 (F). So for this type of sets, the estimate 
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is a direct consequence of Theorem 1.2. On the other hand, by the results in 
[ACM+08], if F is rectifiable (and thus 7(F) > 0), then the Hausdorff dimension of 
_1 (F) is strictly larger than 2/(K + 1), and so 



The proof of Theorem 1.1 for general sets E follows by combining the arguments in 
Theorem 1.2 with quantitative estimates for the distortion of rectifiable sets (more 
precisely, for the distortion of sub-arcs of chord arc curves). To this end, we will 
need to use a corona type construction similar to the one used in [Tol05] to prove 
the bilipschitz invariance of analytic capacity, modulo multiplicative estimates. 

The relationship between capacities 79 associated to Calderon-Zygmund kernels 
of the form x/|x| /3+1 in W 1 and the capacities C a ^ p was first observed by Mateu, Prat 
and Verdera [MPV05]. In this paper the authors proved that if < f3 < 1, then 



An immediate consequence is that sets of positive but finite /3-Hausdorff measure are 
removable for 7^, as shown previously by Prat [Pra04]. In the case n — 2, (3 — 1, the 
capacity 7/3 coincides with the analytic capacity 7, modulo multiplicative constants, 
and the comparability (1.6) fails. Instead, only the inequality (1.4) holds. It is an 
open problem to prove (or disprove) that (1.6) holds for every non integer (3 G (0, n). 

Other results concerning the relationship between the capacities C a;P and the so 
called Lipschitz harmonic capacity (which can be considered as a generalization of 
analytic capacity to higher dimensions) have been obtained recently in [ENV08]. 
See [Par90] and [V6103] for more details on Lipschitz harmonic capacity. 

The plan of the paper is the following: in next section we prove Theorem 1.2, while 
Sections 3-7 are devoted to the proof Theorem 1.1. Section 8 contains examples and 
results that illustrate the sharpness of our results, and in Section 9 there are some 
final remarks. As usual, the letters c, C denote constants (often, absolute constants) 
that may change at different occurrences, while constants with subscript, such as 
Ci, retain their values. The notation A < B means that there is a positive constant 
C such that A < CB; and A w B means that A < B < A. 

2. Distortion estimates for non linear potentials 

2.1. Strategy for the proof of Theorem 1.2. Note that, that (1.1) holds for all 
-fT-quasiconformal maps is equivalent to 



C 2K iK+lU^iF)) > 0. 
2K+1 ' if +1 



7/3 ~ C(n-/3)2/3,3/2- 



(1.6) 



2K 




(2.1) 



for all fT-quasiconformal maps 0. 

Let /j, be a measure supported on E such that Wy pp (x) < 1 for all x E C. 
In a sense, we want to show how \x is distorted. A first attempt might consist in 
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obtaining suitable estimates for the Wolff potentials associated to the image measure 
(fifi. However, we have not been able to follow this approach. 

Instead, to prove (2.1), we have transformed our original problem of estimating 
distortion in terms of Riesz capacities into another involving "Hausdorff-like" mea- 
sures or contents. As far as we know, this way of studying the Riesz capacities 
is new. The advantage of this approach is that arguments using covering lemmas 
and related techniques are better suited for Hausdorff contents than for non linear 
potentials. In this way, some of the arguments in [ACM + 08] will be adapted to 
estimate Riesz capacities via the intermediate contents of Hausdorff type that we 
will construct below. 

Throughout all this section we suppose that /i is a finite Borel measure supported 
on E such that Wy pp (x) < 1 for all x G C. In particular, notice that this implies 
that O^B) := fj,(B)/r(B) < 1 for any ball B C C with radius r(B). We plan to 
introduce Hausdorff-like measures associated to /i. To this end, first we need to 
define suitable gauge functions on all the balls in C. Given a parameter a > 0, we 
consider the function 

U*) = i^T^T' * e C - ( 2 - 2 ) 
For the ball B = B(x, t) we define 

1 f / y — x \ 

e^a{x,t) = e^ a (B) := - j i> a ^—j—)dii(y), (2.3) 

and we consider the gauge function 

K, a (x, t) = h^ a (B) := te^ a (B). (2.4) 

Notice that e^ a (B) and h^ a (B) can be considered as smooth versions of 9^(B) and 
n(B), respectively. One of the advantages of s^ a (x, t) over 9^(x, t) (where, of course, 
9 /x (x,t) := 9 fJi (B(x,t))) is that e^ a (x,2t) < Ce^ a (x,t) for any x and t > 0, which 
fails in general for 9^(x,t). Analogously, we have h^ a (x,2t) < C h^ a (x,t), while 
fi(B(x,t)) and fi(B(x,2t)) may be very different. 

Observe that, decomposing the integrals into annuli, for all x G C we get 



p'-i 



< C ^ 2- (p '- 1)j (J2 »(B(x, 2 fc ))2( 1+a ^'- fe ) 

j£Z k>j 



k>j 
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where we applied Holder's inequality for p' — 1 > 1, and the fact that (c + d) p ' 1 < 
c p _1 + d p ~ l otherwise. Thus, 

s^ty'-'j < Y,^ B ^ k )) p '- 1 2-v-w+v*y, 2{p '~ 1)V £ s L 

fcez j<k 

(2.5) 

2.2. The contents M h and the families Q\ and Q 2 - Let B denote the family of 
all closed balls contained in C. We consider a function e : B :— > [0, oo) (for instance, 
we can take e = e^ a ), and we define h(x, r) = re(x, r). We assume that e, h are such 
that h(x, r) — ■> as r — > 0, for all a; G C. We introduce the measure H h following 
Carathodory's construction (see [Mat95], p. 54): given < 5 < oo and a set F C C, 
we consider 

^(F)=inf^M^), 

« 

where the infimum is taken over all coverings F C |J i -Bj with balls -Bj with radii 
smaller that <5. Finally, we define 

H h (F) = \im H£(F). 

Recall that H h is a Borel regular measure (see [Mat95]), although it is not a "true" 
Hausdorff measure. For the fa-content, we use the notation M h (E) := H^(E). 

We say that the function e belongs to Q\ if it verifies the following properties for 
all balls B(x,r), B(y,s): there exists a constant C such that if \x — y\ < 2r and 
r/2 < s < 2r, then 

Co" 1 e(x, r) < e{y, s) < C e(x, r). (2.6) 
If moreover, there exists C such that 

Y,2- k e(x,2 k r)<C' e(x,r), (2.7) 

fe>0 

then we set eefe 

Notice that (2.6) also holds with a different constant C if one assume \x — y\ < Cr 
and C~ l r < s < Cr. 

It is easy to check that the function introduced above belongs to Q\ for all 
a > 0, and to Q2 if < a < 1 (see Lemma 2.4 below for a stronger statement). 
Moreover, we have: 

Lemma 2.1. If e G Q\ and h(x,r) = re(x,r), then Frostman's Lemma holds for 
H h . That is to say, given a compact set FcC, the following holds: M h (F) > if 
and only if there exists a Borel measure v supported on F such that v(B) < h(B) 
for any ball B. Moreover, one can find v such that v{F) > c- 1 M /l (F). 

The proof is almost the same as the one of the usual Frostman's Lemma (for 
instance, see [Mat95], p. 112), taking into account the regularity properties of the 
gauge functions h G Q\. 

For h = h^a, we have the following. 



QUASICONFORMAL MAPS, ANALYTIC CAPACITY, AND NON LINEAR POTENTIALS 9 



Lemma 2.2. For any Borel set A C C, we have 

M h ^(A) > C~ l ii(A). 
Proof. Given any rj > 0, consider a covering A C lj i B, L by balls so that 



Y,KA B i) <M h ^(A)+ v . 



i 



Since /x(-Bj) < Ch^ a (Bi), we have 



M^) < Y.v( B i) < CY^KABi) < CM h ^(A) + Crj. 



□ 



Now, for technical reasons we need to extend the function e(-) defined on B to 
the whole family of bounded sets. Given an arbitrary bounded set A C C, let B a 
ball with minimal diameter that contains A. We define e(A) := e(B). If B is not 
unique, it does not matter. In this case, for definiteness we can choose the infimum 
of the values e(B) over all balls B with minimal diameter containing A, for instance. 
Analogously, if h(x,r) = re(x,r), we define h(A) as the infimum the /i(5)'s. 

It was mentioned above that G Qi- Our next objective consists in showing 
that if is a i^-quasiconformal planar homeomorphism, then the function defined 



for any ball BcC, also belongs to Qi. In fact, because of the geometric properties of 
quasiconformal mappings and the smoothness of (f> a , it is easily seen that e satisfies 
(2.6). To show that (2.7) also holds requires some more effort. First we need a 
technical result, whose proof follows from an elementary calculation that we leave 
for the reader: 

Lemma 2.3. Let a,b > 0, a ^ b, and denote m = min(a, b). For all z e C, we have 



with C depending only on a,b. 

Lemma 2.4. Let : C — > C be a K- quasiconformal mapping. If < a < C\b 
(where C\ is a positive constant depepending only on K), then, 



by 




^A<t>{B)) 




E 



e^{4>{B{x,2ir))) 



<C(K)e^(<i>(B(x,r))). 



2 b J 



j>0 



In particular, if a is chosen small enough, the functions defined bye(B) = e^ a ((f)(B)) 
for any ball B, belongs to Q 2 . 
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Proof. We denote dj = diam(0(_B(x, 2- ? r))). We have 

s ._ s^MBjx, Vr))) < v £ll , a (B(<f>(x), dj)) 

i>o i>o 

< V e„, a (£(0(s),2 fc rfo)) 
~ Z^ Z^ 

fc>0 j:d 2 k <d j <d 2 k + 1 

For each j > we have 

dj_ _ TT < r -pr diam(0(£(a;,2V))) • = Cai 

d f = \ di-! ~ f = \ diam(0(5(x, 2 < " 1 r))) " 1 J 

with C 2 depending on if. Thus, for j, k such that d 2 k < dj < d 2 fe+1 , 

2>>(^) 1/C2 *2 k ^. 
" ^d / 

Then we obtain 

9< v- V g M , a (j?(0(x),2 fc rf o )) v £ M , a (i?(0(x),2 fc rfo)) 
D ~ Z^ Z^ 2°i bk ~ Z^ 2 c i fefc ' 

k>0 j:d 2 k <d j <d 2 k + 1 k>0 

with Ci = 1/C 2 . From Lemma 2.3, if < a < Ci&, we infer that 

v i r i 

2 <™ Z^oWWdoJ /U(x)-v\ 1+a 



k>0 k>0 



2 k d 



+ 1 



~ 7" / Tur \ 1 dM 

do J I \0(x) - y \ 



( \<!>{x) -y 

V d 



+ 1 



= e^ a {B{ct>{x),do)) < e^ a {<t>{B{x,r))). 



□ 



Another result that shows that some properties of the functions from Qi are 
preserved under composition with quasiconformal maps is the following. 

Lemma 2.5. Let <fi : C — > C be a K- quasiconformal mapping, and e e Q\. Define 
s(B) = e ((f)(B)) for any ball B C C. For any s > we nave 

Z" 00 aV Z" 00 or 

/ e(x,ry-<C(K,s) £o (0(z),r) s -. 
Jo r Jo r 

Proof. We have 

/•°° ^ ^ ^ 

/ e o (0(5(^r))) s - < C(s) J2^(B(x, V)))'. 
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Denote now r,- = diam(0(_B(x, 2 J )). We obtain 

;$E E ^(0(*),r,)r 

fcGZ j:2 k <r j <2 k + 1 

<C(K)J2^(B(<f>(x),2 k )y <C(K,s) / 5 o (0(x),r) s -, 

where we took into account that : 2 k < rj < 2 k+1 } < C(K) because of the 
geometric properties of quasiconformal mappings. □ 



2.3. The space Lip 9 (£). We wish to obtain distortion estimates by quasiconformal 
maps in terms of the contents M h , from which we will derive the corresponding 
estimates in terms of non linear potentials. To study the distortion in terms of M h , 
our arguments below are inspired by the ones of [ACM + 08]. 

Given 1 < q < oo and a function e : B — > [0, oo), we define Lip 9 (e) as the class of 
all functions / : C — > C for which there is some constant M such that 

{w\L i, - ,b1 T- me(b) 

for all balls B. In the definition, one can replace the average f B = \E1\~ 1 J B f by any 
constant cb, getting the same class of functions. The infimum of all these constants 
M is denoted by ||/||[ ip9(e) . 

Let us look at the behaviour of a function in Lip(e) under a fC-quasiconformal 
mapping. 

Lemma 2.6. Let e G Q\ and let (j) : C — > C be a K -quasiconformal mapping. Set 

e(B) := e (<f>(B)) 

with a > 0, and h(x,r) = re(x,r). Then, given q with K < q < oo, for all 
f G Lip q (eo), we have f o g Lip(e) and 

||/o0|| Lip(£) <L7(g,^) ||/|| Lip9(£0) . 

Proof. We will follow the techniques used in [Rei74]. Given a ball B = B{x,t), we 
can find a ball B centered at <fi(x) such that B D 4>(B) and \B\ < |0~ 1 (-B O )| < 
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C{K) \B\, where C(K) depends only on K. We have: 



B\ / 1^ ° ^( z ) ~~ Cb \ dm ( z ) = t4i / \f(w) - c B \J(f) 1 (w)dm(w) 
1^1 7b 

< C(F) -L / \f(w) - c B \ J<f>-\w) dm(w) - 



(A>) 



/ 1 f \ 1/q (w\Ib J( t> {w) q dm(w)) 

\\Bo\J Bo I (^f J<f>-i(w)dm(w)) 



l/q' 



<C(K,q) |m| Lip , (£0 )£o(5o) 



where the last inequality follows from the fact that the Jacobian satisfies the reverse 
Hlder inequality 

(jWl f J<F\wY ' dm(w)Y <C(K,q)-^- [ J(j)~ 1 (w) dm(w) 

\\ B 0\ J B J \ B 0\ J B 

for q' < K/(K - 1), by [AIS01, p.37]. 

Since e G Qi, we have e (B ) m e ((f)(B)) = e(B), and then 

jf \f o fa) - CB \ dm(z) < C(K, q) ||/|| Lip , {£o) e(B). 
Thus ||/o0|| ijp(£) < C(K,q)\\f\\ Lipq(£0) . □ 



2.4. The capacities 7^. Given 1 < q < 00, for a bounded set F C C and a 
function h:B^> [0, 00), with h(x,r) = re(x,r), we set 

7M (F) = sup|(9/,l)| = sup|/ / (oo)| 

where the supremum is taken over all Lip 9 (e) functions with ||/||Li P «(e) < 1, /(oo) = 
and such that df is a distribution supported on F. 

Lemma 2.7. Let E be a compact set and e & G±. For 1 < q < 2 we have 

(a) lKq {E)<CM h {E). 

(b) If moreover e G #ien .M fe (F) < C(q)-f h;q (E). 

Proof. First we show (a). Fix a real number rj > and take a covering of F by balls 
Bj, with radius 77, such that J2j H B j) ^ M. h (E) + 77. Consider a partition of unity 
associated to this covering, that is, for each j we take an infinitely differentiable 
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function ipj supported on 2Bj with || V</?j||oo < £s and so that Ylj = 1 on a 
neighbourhood of E. Then, if ||/||Li P 8(e) < 1, 

i (df, i) i = i (Bf, e i = i E w - M), ^> i 

<E/ \f-f2B j \\d<p j \dm<J2-f \f-f2 Bj \dm 

j J2Bj ■ >'i J-'lij 

< C 5>,-e(25,-) < C 5>,- < C(^(^) +^)- 

Hence, i Kq (E) < CM h (E). 

To prove (b), we suppose that e E Q 2 - If -M h (E) > then by Frostman's Lemma 
there exists a positive measure u, supported on E, such that v(B(x,r)) < h(x,r) 
and v(E) > C A4 h (E). The function / = v * - is analytic outside E 1 , /(oo) = and 
(9/, 1) = v(E). Now, we will check that / G Lip 9 (e). Fix a ball 5 = £(z ,r) and 

°B = I C \2B SS" We haVe 

' / "|/(*)-c B | 5 dm(*)< 



LB 



< 



\B\ 



1 



2 13 



U> — Z\ 



dv{w) + 



C\2£ 



1 



W — Z W — Zq 



dv{w) I dm(z). 



(2.8) 



For the first term on the right side, by Holder's inequality and Fubini's Theorem, 
since q < 2, 

1 . , A 9 . , , v{2B) q ~ 1 f 



1 

\B\ 



B \J2B 



\W — Z\ 



dv{w) I dm(z) < 



< C 



\B\ 
u{2B) q 



>2B J B 



1 

lit; — z\ q 



dm(z) dv{w) 



< Ce{2B) q < Ce{B) q . 



Since \w — z\ ~ \w — z \ for z G B and wGC \ 2B, we have 



„ I I OO „ 



dv{w) 

B\2i B \ w ~ z o\ 



^ (2J> 

using the fact that e G Q 2 - Thus we get 



3=0 



2i 



1 



C\2B 



1 



W — Z W — Zq 



dv{w) dm{z) < Ce(B) q , 



and so (b) follows. 



□ 
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Recall that a quasiconformal mapping : C — > C is called principal if it is 
conformal outside a compact set and \<f>(z) — z\ — 0(l/\z\) as z — > oo. 

Lemma 2.8. Lei E be a compact set, and : C — > C a principal K- quasiconformal 
mapping, conformal on C\E. Given Eq <E Qi, define 

e(x,r) = e (<f>(B(x,r)) 

and h(x, t) = r e(x, r) . For q > K , we have 

lhQ ,M E ))<Clh,i{E). 

Proof. Consider / G Lip 9 (£ ) which is analytic in C \ (f>(E), ||/||Lip«(e ) ^ 1 an d 
/(oo) = 0. Set g = fo(j). Then g is analytic on C\E and, by Lemma 2.6, g G Lip 1 ^) 
and |MliV( £) < C(X) ||/|| Lip9(£o) < C(K). So, we have |</(oc)l < C(K) lh>1 (E). 
Moreover, since is principal, <f>'(oo) = 1 and so 

|^(oo)l = l/'(oo)N0'(oo)| = ir(oo)l- 
Consequently 1h ,M E )) < C{K) 7m (£). □ 



2.5. Distortion of /i-contents. From Lemmas 2.7 and 2.8 we get: 

Lemma 2.9. Lei E be a compact set, and : C — > C a principal K- quasiconformal 
mapping, with K < 2, conformal on C\E. Given eq E Q2, define 

e(x,r) = s ((f)~ 1 (B(x,r)) 

and h(x,r) = r e(x,r) . We have 

M h "(E) < CM h (<j)(E)). 

Proof. Take q such that K < q < 2. By Lemma 2.7, we have M h °(E) < C 7fto 

By Lemma 2.8 (applied to _1 ), ^ hoq (E) < ^y hl ((f)(E)). Finally, by Lemma 2.7 

again, 7fc , 1 (0( J E7)) < M fe (0(£)). ' □ 

Our next objective in this section is to extend Lemma 2.9 to the case K > 2. 

Lemma 2.10. Let e : H — > [0, 00) be a function from Q\, and set h(x, r) = re(x, r). 
Suppose that for any principal Kq- quasiconformal mapping : C — > C conformal on 
C\E, with Kq < K, the function e^,:B^> [0, 00) defined by £</>(B) = e(0 _1 (£?)) is 
in Qi- Then, 

M h (E) < C(K) M h +(<f>(E)) 
for any compact set E C C, where h^x.r) = re^x^r). 

Proof. We factorize so that = n o • • • o 1; where 0j are .^/"-quasiconformal 
mappings conformal on C \ <j> n -i(E), with n big enough so that K l l n < 2. So we 
have 

E = E ^E 1 ^...^E n ^ 1 ^E n = <j>(E). 
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By Lemma 2.9, we have 

M h (E) = M h (E ) < C M hl (0i (£(,)) = C M hl (E 1 ), 

where £i(B) = e((pi 1 (B)) (notice that e G Q 2 by hypothesis). 

Denote now e 2 (B) = £i(0^ 1 (5)) = e((f)^ 1 ((f) 2 1 (B))) and h 2 (x,r) = re 2 (x,r). 
Since S\ G Q 2 by the hypotheses above, by Lemma 2.9 again, 

M hl (E 1 ) < M h2 (E 2 ). 

Going on in this way, after n steps we obtain 

M h (E ) <M hl {E l )<---< M hn (E n ), 

with E = E , E n = (j)(E), h n (x,r) = re„(i,r), and 

e n (B) = e(0r W(- ' ' K\E)))) » e^B)) = e,(fl). 

□ 



2.6. Proof of Theorem 1.2 (b). Recall that \x is a Borel measure supported on 
£ such that Wf, pp (x) < 1 for all x G C and such that C 1/PtP (E) m fi(E). We know 
that M h ' J " a (E) > C^ 1 12(E), with h^ a defined in (2.4) and a small enough. Set 

e(x,r) = e liA {4r 1 {B{x,r))) 

and h(x,r) = re(x,r). By Lemma 2.4, e o G £2 for any fTo-quasiconformal 
mapping such that K < K. Then, by Lemma 2.10 we have 

M h ">*{E) < CM h ((j)(E)). 

By Frostman's Lemma there exists some measure v supported on <f)(E) such that 
v{<j>{E)) > C~ 1 M h ((p(E)) with u{B) < h(B) for all balls B. Recall that 



f°° dr 

/ e^rY'- 1 - <1 forallxGC, 
Jo r 



by (2.5). From Lemma 2.5 we deduce that this also holds with e instead of e^ a , and 
thus 

'viBix^Y' 1 dr < [-( hM Y'- 1 dr <c 



r J r J \ r J r 
In terms of Wolff's potentials, this is the same as saying that 

wr /KP (x) < c 

for all x G C. Therefore, 

C 1/P ,ME)) > v{<t>{E)) > M h (<P(E)) > M h ^(E) > 11(E) > C 1/p , p (E). 

□ 
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2.7. The main lemma on /i-contents. 

Lemma 2.11. Let e G Q\ and set h (x,r) = re (x,r). Suppose that for any 
K -quasiconformal mapping ip : C — > C, with K < K , we have e o ip e Qi- Let 
E C 5(0, 1/2) be compact and : C — > C a principal K -quasiconformal mapping, 
conformal on C \ D. Denote 

e(x, r) := e ((f)-\B(x, r))) 2 ^/^ 1 ), r ) : = r 2 /^ +1 )e(x, r). (2.9) 

T/ien we /jave 

M h °(E) < C(K) M h ((f)(E)Y K+1)/2K . 

Proof. Consider an arbitrary covering <f>(E) C |J i Bi by a finite number of balls 
Bi := B(xi, tj) (recall that <f>(E) is compact). For each i, take also a ball Di centered 
at _1 (xj) which contains <f)~ 1 (B i ) and which has comparable diameter. 

We denote Q — (J^ Dj. Notice that £cO. Then we consider the decomposition 
= 02 ° 0i, where 0i, 02 are principal i^-quasiconformal mappings. Moreover, we 
require 0i to be conformal outside f2 and 2 conformal in 0i(f2) U (C \ D). 

By Lemma 2.10, we have 

M h ° (E) < M h °(Q) < CM X (0!(fi)), 

with 

h(x,r) = re(x,r) := r 5 o (0J" 1 (_B(a:, r))). 

Now we will estimate M /l (0 1 (f2)) in terms of M h (<f)(E)). For each i, let Dj be a 
ball centered at 2 ~ 1 (a;j) containing 0i(-D«) and such that diam(Dj) ps diam(0i(Dj)). 
Notice that we also have 

Bi C 2 (A) and diam( J B i ) « diam(0 2 (A)). (2.10) 

By Vitali's covering lemma there exists a subfamily of disjoint balls Dj, j e J, 
such that 4>i(E) C 5-Dj. Applying Hlder's inequality twice, the fact that J(02 £ 
because of the improved borderline integrability of the Jacobian 
J(02~ 1 ) un der the assumption that 2 : 0i(f2) — > 0(fi) is conformal (by [AN03, 
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Lemma 5.2]), and (2.10), we obtain 

jeJ jeJ jeJ 

\ 1/2 



jeJ \JHDj) J 
^ C Y^\ J{(f>2 l ) K/{K ~ l) dm) diam(0(D,)) 1 ^e( J D 



jeJ ^ J <t>i D j) 
<c(Y: / .m l ) K/(K - l) dm) 

\ jeJ JftDi) J 

x ( diam(0( J D,)) 2 /^ +1 ) 5(5,) 2X/(im) 

(K+1)/2K 



<c(j2 dmm(B 3 ) 2 /^ e(D 3 ) 2K ^ K+r 



1) 

Notice now that 

e(5,) = ^(^(AO) « eoiDj) » eo^" 1 ^-)). 

Recalling that 

e(x, f) := eo(0 _1 (B(a;, t)))2*/(*+i) and ^ t ) = ^/(tf+i)^^ t)? 
we deduce 

(JC+1)/2X 

M h °(E) < C7M /l (0 1 (fi)) < cfJ^^Sj) 

If we take the infimum over all coverings of (f>(E) by balls Bj, then we get 

M ho (E) < CM h ((j)(E)) 1 ^. 

□ 



2.8. Proof of Theorem 1.2 (a). By standard methods, we may assume that is 
a principal quasiconformal mapping, conformal on C\D, and that E C -8(0, 1/2) =: 
\B (and so diam(0(5)) pa 1). 

Let /ibea Borel measure supported on E such that Wy pp (x) < 1 for all x G C 
and such that C 1/p , p {E) pa fi(E). We know that M h ^(E) > C- l fi{E). If < a < 1 
is small enough, then e : = £fi,a satisfies the assumptions of Lemma 2.10, and so 

M h ^(E) < C{K)M h {<f){E)Y 2K - tK+ ^ 2K , 
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with h given by (2.9) (replacing e there by e^ a ). By the definition of e and 
Lemma 2.5, 

f°° (p'-i)(K+p dr f°° /,_!/„/ nnnd'-i dr 

/ e(a:,r) ^ — = / 1 (B(x,r))) p L — 

Jo r Jo r 

f°° dr 

<C e,, a {4>- 1 {x),TY- 1 -<C 
Jo r 

for all x eC. 

Now we apply Frostman's lemma again, and we deduce that there exists some 
measure v supported on <f)(E) such that i/((f>(E)) > C~ l M h ((j)(E)) with v(B) < h(B) 
for all balls B. So we have 

(p'-l)(K+l) 

r°° f v(B(x,r)) \ ™ dr <c 
Jo V rw / r 
for all x G C. In terms of Wolff's potentials, this is the same as saying that 

KM < c 

for all x E C, with 

_ 2K _ 2Kp - K + 1 

a ~ 2Kp -K + V q ~ K+l ' 

Therefore, 

□ 



3. Strategy for the proof of Theorem 1.1 

Sections 3-7 are devoted to the proof of Theorem 1.1. An equivalent way of 
formulating this theorem consists in saying that if E C 5(0,1/2) is compact and 
(j) : C — > C a principal fT-quasiconformal mapping, conformal on C \ B(0, 1), then 

C ik 2K + i (d(E)) > c-^E)^!, (3.1) 

2K+1 ' K+l 

by appropriate normalizations. To prove this result we will use the following tools: 

• the characterization of analytic capacity in terms of curvature in Theorem A, 

• a corona type decomposition for measures with finite curvature analogous 
to the one used in [Tol05] to study the behavior of analytic capacity under 
bilipschitz maps, 

• the main Lemma 2.11 on the distortion of ^-contents under quasiconformal 
maps, 

• improved quantitative estimates for the distortion of sub-arcs of chord arc 
curves. 
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Let us describe the arguments to prove (3.1) in more detail. Given, E C C with 
'y(E) > 0, let /j, be a measure supported on E such that [i(E) 7(-E), /jl(B(x, r)) < r 
for all :r G C, r > 0, and c^(x) < 1 for all x G C. As in the preceding section, for 
each a > we construct the measure Tt ha associated to /i, with h a (x ) t) = te a (x ) t) ) 
where 



1 /* / — x \ 



and is defined as in (2.2). To simplify notation, now we will write e a and h a 
instead 
us that 



instead of e^ a and The main Lemma 2.11 on the distortion of /i-contents tells 



7 7 2K 2K 

M h (cf>(E)) > M a (E) > n(E)w, 
where h is the gauge function defined by 

h(x,t) := t^ K+1 h(x,t), e(x,t) := e a (r\B(x, t))) 2K ^ K+1 \ 

with a > small enough. 

By Frostman's Lemma we deduce that there exists a measure v supported on 
(f)(E) satisfying v{<t>{E)) « /i(E)k+t and i/(S(x,r)) < h(x,t). However, from the 
last estimate we cannot infer that 



W V 2K 2K+i (x) < C for all x G C, (3.2) 

2K+1 ' K+1 

as in the proof of Theorem 1.2, because now the estimate 

^2/3,3/2 fa) ^ C for all a; G C 

may be false. 

To obtain a measure v supported on (f>(E) satisfying (3.2) we will use the infor- 
mation on the curvature of /x. Indeed, by [Tol05, Main Lemma 3.1], there exists 
some collection of squares Top(/x) such that 

E W)V(Q) < cU{E) + I cl(x) dn(x) \ < C im(E!), (3.3) 

where 8^(Q) = fi(Q)/£(Q) (here i(Q) stands for the side length of Q). For each 
square Q G Top(/x) there exists some chord arc curve Tq (or a fixed finite number of 
chord arc curves) satisfying some precise properties. Roughly speaking, if a dyadic 
square P intersects E and £(P) < diam(E'), then it belongs to some "tree" with 
"root" Q G Top(/x) and P is close to the curve Tq. For more precise information, 
see [Tol05]. 

It is easy to check that (3.3) implies that 

£ ea(Q)WQ)<Ci*(E)- 
QeTo P ( M ) 
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By Tchebytchev, we infer that for all x in a subset E C E with fi(E ) > fi(E)/2, 

QeTop(^): xeQ 

Arguing as in the preceding section, this implies that 



Q€0(To P (/i)):a;GQ 



for all a; G <fi(E ). By Frostman's Lemma, we deduce that there exists a measure z/ 
supported on 4>(E) with z/(2Q) < h(2Q) < for all the squares Q, and so 



v.. Uq) 2/( * +i) / 



Q6</)(Top(/i)):a;eQ 

In this inequality, if instead of summing over all the squares Q G 0(Top(//)) con- 
taining x we summed over all Q G 4>(T>) containing x, then we would obtain (3.2), 
and thus 

2K IK 

Cjn^_ 2K+l(0(£)) > V{E) > fi(E )^ > 7 (£)^+T. 

In a sense, to extend the sum in (3.4) from the squares in 0(Top) to the entire 
collection of Q G 4>(T>), we can use the geometric properties of the corona decompo- 
sition (i.e. different scales). To be able to use this information, we have to obtain 
improved distortion estimates for subsets of chord arc curves, in a more quantitative 
way than the ones of [ACM + 08, Section 3] for rectifiable sets. This is what we do 
in next section. 

To tell the truth, in the arguments above, when we apply Tchebytchev to obtain 
the subset E C E, some of the delicate properties of the corona decomposition 
for \x are destroyed, and so we will follow a somewhat different approach, although 
similar in spirit to the one outlined above. Because of this reason, we will need 
to obtain a corona decomposition for /i slightly different to the one in [Tol05]. We 
carry out this task in Section 5. The required measure v is constructed in Section 
6. A direct application of Frostman Lemma is not enough, and we will have to use 
a more sophisticated argument more adapted to the corona decomposition. Finally, 
in Section 7 we prove that the key estimate (3.2) holds for v. 



4. Distortion of sub-arcs of chord arc curves 



Our arguments are inspired by the ones used in [ACM + 08] to obtain improved 
distortion results for rectifiable sets. However, we need more precise quantitative 
estimates. 

Lemma 4.1. Let e > and let <fi : C — > C be a (1 + e)-quasiconformal mapping 
which is conformal on3, such that 0'(O) = 1. Denote a = 1 — c e 2 . Let {/„}„ C <9B 
be a collection of pairwise disjoint dyadic intervals. 
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(a) If c > 20, we have 

Ewr <c(^£(/„r) b , 

n n 

where a± — 1 — |c £ 2 , and b > depends only on c ; and C on on c and £. 

(b) // 



then 



where a 2 = 1 — (2c + 2)£ 2 and o"' > depends on 5, c , £. 

Proof, (a) Let X>j be the collection of the dyadic intervals of length 2~- ? of 9D, and 
set {/„} = {/^}j, n , with /•£ e P,-. Consider Whitney squares {Q^}j, n C D so that 
i(Q 3 n ) ~ ^(i^) ~ dist(Q{, /■£). Denote by z£ the center of Q J n . By Koebe's distortion 
theorem, we have 

mOtt) « l0'(4)IWn) « (1 - 141) « (1 - 1*1), (4-1) 

for all z E Q{. Denoting tj = 1{Q{) = 2"', r, = 1 - i h and Nj = using 
Hlder's inequality we get 

n=l n=l J{J n lJ n 



IT I W(r n e u )\ ai dt 

' u 

1 1/p 

I0'( rj . e tt)l alp df 



for 1 < p < oo. Since is (1 + £)-quasiconformal, we have the following estimate 
for the integral means: 



with (3 > /3(g). Recall also that 



So if we choose /3 = 9e q , we get 



n=l 
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Replacing Nj = J2nU we obtain 



E wi>r < ( E «w ) C'^ 9 ^- < 4 - 2 > 



v ' \ i/p' 

£(iir\ 

n=l x n=l ' 

Since a.\ < 1, if we set a — 1 — c o^ 2 an d «i = 1 — c^ 2 , we get 

1 CX.Q 11 1 ^0 111 \ 

cti — 1 H — 9e CKip > o;i — 1 H — 9e p > e (c — c\ — 9p) =: a. 

p p " p p 

Since c > 10, we can choose p G (1, oo) and C\ > such that 

Co — ci — 9p > 0, 
and so a > 0. By (4.2) and Holder's inequality we get 

/ N i \ 1/p' / ^ \ 1/p' / \ VP 

££ war s E(E«r) £ ? ^ (EE«H f E^ ap J • 

j n j x n=l ' J n=l ' j 

Since a > 0, we have ^ ■ < C(c , e), and the statement (a) in the lemma follows, 
(b) We use the same notation as in (a). Let £ max = max„ £(I n ), and denote 

where 7 > is some small constant to be chosen below. Then we have 



' W ' ~ Jt \4>'(r je «)\ - e, " 
for (3 > P(— 1). So we infer that 

£(l) ao = £f #Zj < C{(3)q- p+a °-\ 

ieZj 

Assuming that 

7-/3 + a -l>0, (4.3) 
summing on j > and setting Z = U . Zj, we get 

E W < c^E^ 7 "^ " 1 < c{p^e)qd*»-\ 

iez j>o 

Therefore, if £ max is small enough (depending on /3, 7, <5, e) we infer that ^ /GZ £(I) a ° < 
|, and so 

For the intervals / ^ Z we use (4.1), and we obtain 
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where zj — z 3 n if / = P n . We deduce 

\<Y^W <Y,W)Y 0/{1+1) - (4-4) 

Therefore, (b) holds if £ max is small enough and we choose (5 and 7 such that (4.3) 
is true, that is, if 

7 > P + c e 2 (4.5) 

Using the estimate 

we derive f3{— 1) < |e 2 . Thus, (4.5) holds if we choose 

7 = (3 + c )e 2 , 

say. Then we have 

tt^ - T^ri £ (1 - c » £2)(1 - (3 + c ^ a 1 - (3 + 2c » )£ ' 2 

From (4.4) we deduce 

if Cax is small enough, i.e. if £ max < / , where l is some constant depending on 
c ,£. 

The case where £ max is not small follows easily from the preceding estimates. 
Indeed, let T be the family of dyadic intervals obtained by splitting each interval I n 
into 2 N pairwise disjoint dyadic intervals, with N big enough so that each interval 
from JF has length smaller than Iq. If we have 

I n = I[U ...UI' 2N , 

with Ij G J 7 , then we get 

3=1 

and thus, 5 < J2 Ie ^^(I) ao - ^° we m ^ er ^ na t 
2 



< J]^(0(/)) 1 -( 3+2c °) ea < 2 N Y J ZWn)) 1 - (? ' +2C ° )£ \ 



with N depending on Co, £. □ 

Lemma 4.2. Let e > and Ze£ : C — > C &e a (1 + e)-quasiconformal mapping. 
Denote ao = 1 — cqS 2 . Let {/„}„ C <9B 6e a collection of pairwise disjoint dyadic 
intervals such that 

^^(/n) a °>50, 
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with ao = 1 — c e 2 . Then we have 

^(0(/ n )) Q > 5 diarn(0(D))«, 

n 

where a — 1 — Ce 2 and 5 > depends on 5, cq, s. 

Proof. The lemma follows by combining (a) and (b) in the preceding lemma: arguing 
as in [ACM + 08], we write <fi = f o g^ 1 o h, so that /, g, h are (1 + C£)-quasiconformal 
and moreover h is principal and conformal on C\B (and so diam(/i(D)) ps 1), /, g 
are conformal on D, and /(D) = 0(D) and g(B) = h{B). So 

D /i(D) ^> D 0(D). 
From (b) in Lemma 4.1 we infer that 

n 

with a' = 1 — Ce 2 . By (a) in the same lemma we get 

j2^o Ki n )r"> s", 

n 

with a" = 1 — C"e 2 ; and by (b) again, 

^Kfog-'ohiQr'" > rdiam(0(D)r'", 

n 

where a'" = 1 - C"'e 2 . □ 

Lemma 4.3. Let '■ C — > C fre a K-quasiconformal mapping. Let {/„}„ fre a family 
of pairwise disjoint sub-arcs of <9D snc/i i/iai 

5>(In)>*, 

wjt/i (5 > 0. Then, 



EW) a >^' diam(0(D)) a , 



where 5' is a positive constants depending only on K , 5; and a depends only on K 
and verifies 

2 

— — - < a < 1. 
K + 1 

Proof. By appropriate standard arguments, we may assume that diam(0(D)) = 1. 
We factorize = 02 ° <f>i so that 0j, i = 1,2 are i^-quasiconformal, with K\ — 1 + £ 
and = K/Ki, and so that diam(0i(D)) = 1. By quasi-symmetry we may assume 
that the intervals I n are dyadic. By Lemma 4.2 we have 
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with 

v •■=<*!- y^+i > (46) 

if e is small enough. 

To estimate the distortion of the arcs (f>i(I n ), we consider a family of pairwise dis- 
joint balls B n centered on </>i(/„) with radii r n £(<f>i(I n )), and so that diam(0 2 (i? n )) ? 
£{<fi{I n )). Take a constant JT 2 > if 2 to be fixed below. By Hlder's inequality, we 
have 

ai/2 



£ Wi(/»)) ai « J]C < E( / W 1 ) ^ 

n n n ^ 4>2{B n ) 

<E / -a^ 1 )^^ w) 35 

„ \JMBn) J 

E / ^(0 2 - 1 )^ T ^ 



where chose 



h(B n ) 

1 _ ai (K' 2 - 1) 
Notice that K' 2 /(K 2 - 1) < K 2 /{K 2 - 1) and then 



(4.7) 



E / Jife 1 ) 1 ^ 1 dx < / ■W 1 ) 5 ^ dx < 00. 

n J<p2(B n ) J 

So we get 

/ a 1P ' \ 1/P' 

< E^i( J »)r < c E wo)" 5 ^ 



To show that the lemma holds in this particular case, it is enough to take 



a : = 



K' 2 ' 



and then it remains to check that 2/(K + 1) < ct < 1. To this end, observe that, by 
(4.6) and (4.7), 



1 K'-l 

> 



and thus 

1 ifii^ + 1 

From this estimate and (4.6) we obtain 

a lP ' ( 2 \ ^ + 1 2 #i + l 



if 2 > \K X + 1 + 7 K X K' 2 + 1 + 1 + V K X K' 2 + 1 ' 
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From this inequality (with given K = K\K 2 and 77) it is clear that if K 2 is close 
enough to K 2 (with K 2 > K 2 ), then 

aip' 2 

OL = —T7T > 



K' 2 K + l 
To show that a < 1, notice that (4.7) implies that 



1 K'-l 
- < 



p 2K 



1 ' 



and then one easily gets 



and thus 



2K> 2 



K' 2 + V 



a lP ' v< 2 
a = l<[ < Kl < K[T-l <1 ' 



since K' 2 > K 2 > 1. □ 
Remark 4.4. The preceding arguments show that, choosing a suitable K' 2 , one gets 

2 , y Ki + 1 2 77 1 

« > T7 7 + 7^ "77 7" > T7 7 + 7^ 



K+l 2 K+l - 1 2K + 1 

Lemma 4.5. Lei : C — > C fre a principal K -quasiconformal mapping, and let 
r C C a cnord arc curve. Let {/„}„ fre a family of pairwise disjoint subarcs ofT 
such that 

5^(4) > 5 diam(r), 

n 

with 5 > 0. // ine c/iorrf arc constant Cr is close enough to 1, that is, |Cr — 1| < £o 
itrain e = £o(-^0; then 

]T«/n)r >5' diam(0(r)) a , 

n 

where 5' is a positive constant depending only on K , 5, and the chord arc constant; 
and a depends only on K and verifies 

2 



K + l 



< a. 



Recall that a chord arc curve is the bilipschitz image of an interval. The chord arc 
constant is the bilipschitz constant (or the infimum over all the possible bilipschitz 
constants). 

Notice that the above result can be understood as a quantitative version of the 
result of [ACM+08] which asserts that if F is rectifiable, then dim(0(F)) > 2/(K + 
1) — c(K), where c(K) is some positive constant depending only on K. 
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Proof of Lemma 4-5. If T is a circumference or a segment, then the result follows 
from Lemma 4.3 by appropriate normalization. 

In the case of a general chord arc curve with small constant, we consider a bilip- 
schitz parametrization / : J — > T, where J is a segment with £(J) = diam(T), so 
that the bilipschitz constant Cf of / very close to 1: 

\C f - 1| < c(K) with c{K) -> as e (^) -> 0. 

By a theorem of Vaisala [Vai86] , / can be extended to a bilipschitz mapping / : 
C — > C with constant Cj depending on C/ very close to 1 too. In particular / is 
quasiconformal with constant Kj~^ 1 as e (K) — > 0. 
Using the auxiliary mapping O = o /, we deduce that 

^Wn)) Q >^' diam(rr, 



with a such that a > — — — . For Kr close enough to 1, we have 

KKj +1 / 

2 



a > 77 7- 

K + 1 



□ 



5. A CORONA TYPE DECOMPOSITION FOR MEASURES WITH FINITE CURVATURE 

AND LINEAR GROWTH 

Throughout all this section we suppose that fx is supported on E C 5(0, 1/2), 
and satisfies 

fi(B(x, r))<r for all x G C, r > 0; cj(x) < 1 for all x G C. 

As explained in Section 3, our objective is to construct a corona type decomposi- 
tion for /i, which has some similarities with the one of [Tol05]. This corona type 
decomposition will be used in Section 6 to find a measure v supported on <f>(E) with 
bounded potential W U 2K 2K+1 ■ 

2K+1 ' K+l 

5.1. Additional notation and terminology. By a square we mean a square with 
sides parallel to the axes. Moreover, we assume the squares to be half closed - half 
open. The side length of a square Q is denoted by £(Q). Given a > 0, aQ denotes 
the square concentric with Q with side length a£(Q). A square Q C C is called 
4-dyadic if it is of the form \j2~ n , (j + 4)2" n ) x [k2~ n , (k + 4)2" n ), with j, k, n G Z. 
So a 4-dyadic square with side length 4 • 2~™ is made up of 16 dyadic squares with 
side length 2"™. 
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Given a, b > 1, the square Q is (a, 6)-doubling if fi(aQ) < bji{Q). If we don't want 
to specify the constant b, we say that Q is a-doubling. If h a is the function defined 
in (2.4), we say that Q is (h a , 6)-doubling if 



which is equivalent to e a {Q) < b6^{Q). Notice that if Q is (h a , 6)-doubling, then, 
for all c > 1 there exists some d > depending only on a, b, c such that Q is 
(c, (i)-doubling. 

Given a bijective mapping : C — > C and a square Q, one says that that 0(Q) is 
a 0-square, and then one defines its side length as £((p(Q)) := diam(Q). If Qo is a 
dyadic (or 4-dyadic) square, we say that (fi(Qo) is a dyadic (or 4-dyadic) 0-square. 
If Q = 4>{Qo) is a 0-square, we denote XQ = 4>(XQ ), for A > 0. 

An Ahlfors regular curve is a curve T such that 7i 1 (r n B(x,r)) < Cr for all 
rr G T, r > 0, and some fixed C > 0. Recall that T is a chord arc curve if it is a 
bilipschitz image of an interval in R. If the bilipschitz constant of the map is L, we 
say that T is an L-chord arc curve. 

The total Menger curvature of \x is 



h a (Q) < bfi(Q), 




with c?. 



(x) defined by (1.3). The curvature operator is 




where k^(x,y) is the kernel 




For j G Z, the truncated operators j G Z, are defined as 



J\x-y\>2-i 

Notice that c 2 {x) = K^(xe){x). 




5.2. Properties of (h a , 6)-doubling squares. 

Remark 5.1. Let Q be a square and x its center. For N > 1, we have 





A' 
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where Qn '■= 2 N Q and the constant C depends on a but on N. Since 
If 1 2~ aN f 1 

Jim / /, ^ = TrrTl / /, ,xi+a d Mi/) < c(a)2-^ £a (Q„), 



we deduce 

,JV-1 



£o(Q) <C(a)^2- a ^ M (2^) + 2- aiV 5 a (Q w )^. (5.1) 



The converse inequality is also true, but we will not need it. 



Lemma 5.2. Given a > 0, let b > be some constant big enough. Let Q be a 
square, and suppose that 2~iQ is not (h a , b)-doubling for < j < N. Then, 

0^2~ j Q) < T a3t2 e a {Q) for 0< 3 <N, (5.2) 

and 

N 

$>a(2^Q) 2 < Ce a (Q) 2 , (5.3) 

3=0 

with C independent of N. 

Proof. By (5.1), the fact that 2~ j Q is not (h a , 6)-doubling for < j < N implies 
that 

0,(2-' Q) < \s a (2-iQ) <y(Y1 2- ak 9,(2^ +k Q) + 2^e a (Q)\ , (5.4) 

where C 3 depends on a. Notice that the sum above starts with k — 1, while the one 
in (5.1) starts with j = (we used the fact that 9„(2- j Q) < C^(2 _J ' +1 Q)). 

We prove (5.2) by induction on j. For j = 0, this is a direct consequence of the 
definition of (h a , 6)-doubling squares. Suppose that (5.2) holds for < h < j, with 
j < N — 1, and consider the case j + 1. Using (5.4) and the induction hypothesis 
we get 



e^-^Q) < ^(j22- ak 6,(2-3- 1+k Q) + 2- a ^e a (Q) 

^ T (Y,2~ ak 2^- 1+k ^ 2 e a {Q) +2- a « +1 h a (Q) 



Since 



J2 2 -ak 2 (-3-l+k)a/2 < (j^- 



-aj/2 

k=l 
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we obtain 

e,(2-^Q) < (2~^ 2 + 2-^)e a (Q). 

If b is chosen big enough, we get 

The estimate (5.3) is a straightforward consequence of (5.2), using Cauchy-Schwartz 
inequality. We leave the details for the reader. □ 

Let b = b(a) > be big enough so that (5.2) and (5.3) hold. It is immediate to 
check that if Q is (h a , 6)-doubling and R D Q is a square such that £(R) < 4£(Q), 
then R is (h a , C4&)-doubling. We say that a square R is /i a -doubling if it is (h a , C46)- 
doubling. 

Let Q, R be squares with £(Q) < £(R). We denote 

D,(Q,R)= ^( 2J Q) 2 > 

j:QCZ>QcR Q 

where Rq denoted the smallest square of the form 2^Q that contains R. The pre- 
ceding lemma says that if Q C R and there are no /i a -doubling squares of the form 
2iQ such that Q C C R Q , then D^Q, R) < Ce a (R) 2 . 

The definition of D^Q, R) can be extended in a natural way to the case where 
Q is replaced by a point. In this case the sum above runs over all squares centered 
at x with side length 2\ j e Z, which are contained in R x , where R x is the smallest 
square centered at x that contains R. 

Remark 5.3. Let fi be any Radon measure on C, and let d be big enough. Then, 
for /i-almost all x e E, there exists a sequence of (2, d)-doubling squares {Q n } n 
centered at x such that £(Q n ) — > 0. However, this statement is false if we replace 
(2, (i)-doubling squares by (h a , <i)-doubling squares when a is small. The reader can 
check that this is the case for planar Lebesgue measure, for instance. 



5.3. The family Bad(-R). Let R be some fixed 4-dyadic square such that |i? is h a - 
doubling. In this subsection we will explain the construction of a family of 4-dyadic 
squares called Bad(i?). 

Let A > 10 be some big constant to be chosen below, 5 some small positive 
constant (5 < 1/10, say) which depends on A; and e another small constant with 
< So < 1/100 (depending on A and 5). Let Q be a square centered at some point 
in 3R H supp(yu), with £(Q) = 2~ n £(R), n > 5. We introduce the following notation: 

(a) If O^Q) > M^R), then we write Q E HD C (R) (high density). 

(b) If Q & HD C (R) and 

li{x e Q : K^ j{q)+w xe(x) - K^ j{R) _ 2 xe(x) > e 9^R) 2 } > ^/i(Q), 
then we set Q E HC C (R) (high curvature). 
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(c) If Q G" HD C (R) U HC C (R) and there exists some square Sq such that Q C 
j^S Q , with £(S Q ) < £(R)/8 and O^Sq) < SO^R), then we set Q G LD C (R) 
(low density). 

For each point x G 3i? D supp(/i) which belongs to some square from HD C (R) U 
HC C (R) U LD C (R) consider the largest square Q x G HD C (R) U HC C (R) U LD C (R) 
which contains x. Let be a 4-dyadic square with side length 4£(Q X ) such that 
Qx C \Q X - Now we apply Besicovitch's covering theorem to the family {Q x } x 
(notice that this theorem can be applied because x G \Q X ), and we obtain a family 
of 4-dyadic squares {Q Xi }i with finite overlap such that the union of the squares 
from HD C (R) U HC C (R) U LD C (R) is contained (as a set in C) in |J i Q Xi . We define 

Bad( J R) := 

Notice that the squares Q G Bad(i?) satisfy £{Q) < £(R)/S. If Q Xi G HD C (R), 
then we write G HD(R), and analogously with HC C (R), LD C (R) and HC(R), 
LD(R). We also denote 

G(R)=3R\ (J Q. (5.5) 

QeBad(_R) 

Remark 5.4. The constants that we denote by C (with or without subindex) in 
the rest of Section 5 do not depend on A, 5, or e , unless stated otherwise. 

To define the squares Bad(i?) we have followed quite closely the arguments in 
[Tol05]. However, there are a couple of small changes: in [Tol05] we ask the square 
R to be (70, 5000)-doubling instead of (h a , 6)-doubling. Moreover, in [Tol05] the 
squares from HD C (R), LD C (R), and HC C (R) are asked to be (70, 5000)-doubling 
and then the resulting squares from Bad(i?) are (16, 5000)-doubling. Now, for con- 
venience, we have not asked any doubling condition on these squares, although below 
we will need other stopping squares to be doubling (in fact, /i a -doubling) . 

The squares from Bad(i?) satisfy the following important properties: 

Lemma 5.5. Let < p < 1 be some fixed constant. Let R be a A- dyadic square 
such that t;R is h a -doubling. Given A and 5 as above, if Sq is chosen small enough 
(depending on A, 5, p) , there are constants C 5 = C 5 (A, 5) > 1 andC 6 = C e (A,5) > 0, 
and there are N Q chord arc curves with constant (1 + p) whose union we denote by 
Yr with the following properties: 

(a) G(R) C r^; 

(b) any square Q G Bad(i?) satisfies 

c 5 Q nr^0; 

(c) if P is a square concentric with Q G Bad(-R) and C 5 £(Q) < £(P) < £{R), 
then 

CsX(R) < d^P) < C 6 9,(R). 
The constant N Q depends only on A,5, and p. 
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For the proof of this lemma, see [Tol05, Section 4]. One only needs to make very 
minor adjustments for that arguments to work in our situation. See also [CT08, 
Subsection 2.3] concerning the fact that one can take chord arc curves (in the original 
arguments in [Tol05] T R turns out to be an AD regular curve). We will not go 
through the details. 

Remark 5.6. It is easy to check that the property (c) in the preceding lemma 
implies that the squares P from (c) are (h a , c)-doubling, with c depending on A 
and 5. 

We also have: 

Lemma 5.7. Given A > 0, if 5 and e are chosen small enough, then for any 
4-dyadic square R with \R h a -doubling, we have 



For the proof, see [Tol05, Section 7]. Again, the arguments there work with very 
minor adjustments. 



5.4. The families Sel(/x), Sels(/z), and Sel^(/i). In the corona construction from 
[Tol05] one constructs recursively the familiy of squares Top(/z) mentioned in Section3. 
In this subsection we construct a quite analogous family which we will denote by 
Sel(/i) (the "selected squares"). We use another notation because the family Sel(/i) 
will have significant differences with respect the family Top(/i) of [Tol05]. 
First we have to distinguish two types of /i a -doubling squares: 

Definition 5.8. Let r\ > be some constant to be fixed below (in Section 7), which 
will depend on A,5,e , p, K (recall that K is the distortion of the quasiconformal 
mapping <f>). Let R be a square such that ^R is h a -doubling. We say R is of type S 



Otherwise, we say that R is of type L. The letters S and L stand for "short" and 
"long" trees, respectively (this terminology will be more clear below). 

Before constructing the families Sel(/x), Sels(/x), and Sel^/x), we have to define 
the family of terminal squares T(R). 




if 




QeBad(R): 
l{Q)>j]i{R) 
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5.4.1. Definition of T(R) when R is of type S. Let R be a square of type S, 
so that \R is /i a -doubling. For x G 3R, consider the biggest 4-dyadic square Q x of 
type L containing x, such that \Q X is /i a -doubling, and such that £(Q X ) < £(R)/8, 
if it exists. Let T (R) be the collection of these squares Q x . We denote by F(R) the 
subset of those points x G 3R such there does not exists such a square Q x . 

By Vitali's covering theorem there exists a subfamily T(R) C %(R) such that 
the squares {5Q}q & t(r) are pairwise disjoint and so that 

|J 5QC |J 15Q. 

QeTo(R) QeT(R) 

Since the squares Q x that intersect |i? are contained in i? and they are doubling, 




5.4.2. Definition of T(R) when R is of type L. In this case 

pi(G(R)) + J |J g n M>^Qit: 



QGBad(_R): 
£(Q)< V e(R) 



If fx(G(R)) > \n(\R), then we set T(i?) = 0. 
Suppose now that /i(G(R)) < \ ji{\R). Then, 



QeBad(i?) 
t(Q)<r)l{R) 

Recall that, the squares C 5 Q in Lemma 5.5 are doubling (in fact, (h a , c) doubling, 
with c = c(A,S), by Remark 5.6). We assume that the constant rj in the definition 
of L squares is small enough so that 

C 5 £(Q) < £(R)/100 if £(Q) < rje(R), 

say. By Vitali's covering theorem, there exists a subfamily 

{Sj} jelR C {C 5 Q : Q G Bad(fl), £(Q) < ^(i?)} (5.6) 

such that the squares 55j, j G Jr, are pairwise disjoint and contained in R and, 
moreover, 

n(\J Sj n > c-v(^) > Cg VW, 

with C*8 depending on A, 5 (but not on 77). 

Take a square Sj, j G Jr, such that SjHR 7^ 0. For each x G EnSj, consider the 
biggest square P x centered at x, with £(P X ) < £(Sj)/ 16, which is (h a , b) -doubling, 
with b as explained just above Remark 5.3, in case such a square exists. We denote 
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by Fj(R) the subset of those points x such there does not exists such a square. 
Denote by P x a 4-dyadic square with side length 4:£(P X ) such that P x C \P X - Notice 
that the squares P x are /i a -doubling. 

By Vitali's covering theorem, there exists a subfamily {P Xi }i C {i 3 x}xesnSj\- F j(- R ) 
such that the squares 5P Xi are pairwise disjoint, and 

v(S j \F j (R))<cJ{JP x \ 

^ i ' 

We define 1j(R) := {P Xi }ij and finally 

T(R) := |J 

We also set 

F(R) := |J Fj(R). 

5.4.3. Definition of Sel(//), Sel 5 (/i), and Sel L (yu). The family Sel(/i) is constructed 
recursively. Let Rq be a 4-dyadic square with £(Ro) ~ diam(i?) such that is 
contained in one of the four dyadic squares in |i?o with side length £(i?o)/4. The 
first square of Sel(/i) is Rq. The next squares that we choose as elements of Sel(/i) are 
the ones from T(R ). And, now the ones that belong to T(R) for some R G T(R ), 
an so on. 

In other words, Sel(/x) is the smallest family of 4-dyadic squares that contains Rq 
and which has the property that if R G Sel(/i), then the squares from T(R) also 
belong to Sel(/i). 

The family Sels(/i) is made up of the squares from Sel(/i) of type S, while Sel^A*) 
is the subfamily of the squares from Sel(/i) of type L. 

5.5. The packing condition for squares in Tree(i?), R G Sel 5 (/x). 

Definition 5.9. For R G Sels(/i) ; we denote by Term(i?) the collection of dyadic 
squares Q such that Q C 3P for some P G T(R), so that, moreover, Q is maximal. 
We call them terminal squares. 

We denote by Tree(R) the family of dyadic squares that are contained in R and 
that are not properly contained in any square from Term(i?). 

We also set 

End(R) = EHR\ (J P. 

QeTcrm(R) 

Notice that the points in End(-R) can be considered as terminal squares of Tree(i?) 
with zero side length. 

The main objective of this subsection consists in proving the following result. 
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Lemma 5.10. Let R G Sels(/x). Then, 

e a (Q) 2 »(Q)<C(A,6,e ,ri)vi(R). 

QGTree(R) 

The main tool for the proof will be the corona construction of [Tol05]. To state 
the precise result that we will use, we need to introduce some notation. Let R 
be a 4-dyadic square such that |P is /i a -doubling. Next lemma deals with a family 
Top R (fi) of 4-dyadic squares satisfying some precise properties. Given Q G Top i? (//), 
we denote by Stop(Q) the subfamily of squares P G Top H (/i) satisfying 

(a) P n 3Q ^ 0, 

(b) £(P) < £(Q)/8, 

(c) P is maximal, in the sense that there are not other squares {Pj}j C Top R (/i) 
with £(Pj) < £(P) such that P C (Jj P r 

We also denote 

G(Q) = 3Q n E \ |J P. 

Pestop(Q) 

Lemma 5.11 ([Tol05]). Lei /i be a Radon measure supported on E C C sncn £/ia£ 
fi(B(x,r)) < r for all x G C, r > 0, and c 2 (/Z|4o,r) < oo. Let A > 10 be big enough 
and 5,£q > small enough. Let R be a 4-dyadic square such that |P is h a -doubling. 
There exists a family Top^(/i) of 4-dyadic squares contained in 4R such that 

W)V(Q) < C(A,8,e )^(R) + c 2 (/i|40i J )), (5.7) 

Q6To Pi j( M ) 

and snc/i that for Q G Top i? (/i) ; if P is a square with £(P) < sncn i/iai either 
P fl ^ or there is another square P' G Stop(<5) satisfying P fl P' 7^ and 

£(P') < £(P) ; inen 

(a) M (P) < Cl^(Q), 

(b) every square P" concentric with P such that P C P" C 5P and -D M (P, P") > 
C 9 (A, 5)9 lJL (Q) 2 , satisfies 

e,{P") > c-'se^Q). 

(c) every square P" such that |P" zs /i a doubling and P C f P", P" C 5P and 
D„(P,P") > C(A,8)9 IX (Q) 2 , safe/ies 

G P" : ^(p^+ioX^) - ^,j(n)-4Xi^) > £oW) 2 } < /W), 
where < (3 < 1 is some fixed constant. 

Some remarks about the choice of the constants A, 5, Eq, f3 in the preceding lemma 
are in order: first, A can be taken as big as desired. After choosing A, one has to 
take 8 < 81(A), where 81(A) is some fixed small constant, and finally, one has to 
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choose So < Si(A, 8,f3). In particular, the preceding lemma holds for all Eq small 
enough, at the price of increasing the constant in the right side of (5.7) as Eq — > 0. 

In [Tol05], the reader will not find an exact statement such as Lemma 5.11. In 
fact, in [Tol05], every square |Q, with Q G Top(/i), is (32, 5000)-doubling, instead of 
/i a -doubling. Also, Lemma 5.11 is proved only in the particular case where E C R. 
However, the same arguments, with very minor changes, work with the assumptions 
above. On the other hand, the corona decomposition of [Tol05] also states the exis- 
tence of curves Tq satisfying properties similar to the ones of Lemma 5.5. However, 
this information is not useful to prove Lemma 5.10, and so we have skipped it. 

Lemma 5.12. Let Q G Top R (/i), and let Q be a be a 4- dyadic square such that 
Q fl 3Qo 7^ 0, £{Q) < £(Qo)/8, and so that |Q is h a -doubling. Then there exists a 
collection of squares or points {Pi)i contained in Q such that 

(a) each Pi is contained either in a union of squares from P G Term(_R)UEnd(_R) ; 
or in 3P, for some P G Stop(Qo), 

(b) Dn(Pi,Q) < MB^iQ) 2 ifl{Pi) < £{Q), with M depending on A, 6, 

(c) and 

a/qdIJ^) >MQ), 

^ i ' 

assuming that the constants A, A,5,5,e ,e , (5 are chosen appropriately. 

In this lemma, by convenience we understand that the points in End(i?) are 
squares with zero side length. To prove it, we will make essential use of the fact 
that R is of type S. 

Proof. If the square Q is of type L, then Q is contained in 3P for some P G T(R), and 
so Q is contained in a union of squares from Term(i?), and then the lemma holds. If 
every square T which intersects \Q and such that -D M (T, Q) > M9^(Q) 2 is contained 

in 3P, for some P G Stop(Qo) UCr(Qo), we are also done. Therefore, we may assume 
that Q is of type S and that there exists a square T which intersects \Q such that 

D^(T,Q) > M9^Q) 2 , satisfying T n P ^ for some P G Stop(Q ) U G(Q ) with 
£(P) < £{T) (otherwise, T C 3P). This condition implies that 

by conditions (a) and (b) of Lemma 5.11, assuming M big enough. 

Since Q is of type S, there are squares Si G Bad(Q) such that rj£(Q) < £(Si) < 
£(Q)/8, with Si n \Q ^ 0, and 



x i ' 
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By Lemma 5.7, if 5 is small enough, there are squares {Si}i e i HD C HD(Q) and 
{Si}iei HC c HC(Q) such that 

4 u 

K i£l H DUlHC 7 

Notice that if Si G HD(Q), then 

0„(Si) > C" 1 ^(Q) > C^MO^Qo) > ^(Q ) 

if we choose A such that ^> A. Then it is easy to check that Si satisfies the 
conditions (a) and (b) of the lemma. Condition (c) also holds if 

v iei HD 7 

If the latter condition fails, then we have 

V ieI H C 7 

Let {Pj}j be a family of 4-dyadic squares or points such that \Pj /i a -doubling for 
all j, which cover \J i&lHC with finite overlap, with t{Pj) < l(Q) /WO, so that 

D ll {P J ,Q)<C{r 1 )6^Q) 2 . 

By Tchebytchev, it is easy to check that there exists a subfamily {Pj}j e j C {-Pj}j 
such that for each j £ J, 

n{x G Pj : ^,j(p 3 )+ioXe(^) - K^ j{q) ^xe{x) > e 6^(Q) 2 } > C^ 1 /i(Pj), 

with 

/i(U^) >C"V(Q)- 

S'eJ 7 

Notice that for i in a big piece of each square Pj, j G J, 

K v,j(p 3 )+ioXe(x) - K^j {Qo) _± X e{x) > K^ j{Pj)+w xe(x) - K^ j{q) _ a xe{x) 

> e 9,(Q) 2 > C-^soO^Qo) 2 . 

Thus if we choose Eq small enough so that £q <C 5 2 €q, and we also take (3 <C Cio 1 ) 
then one can find squares {P-}i contained in |P 3 - which cover |Pj with D^(P- , Pj) = 
C6^{Qq), so that the family {Jj eJ {Pi}i satisfies all the required properties. We leave 
the details for the reader. □ 

For Q G Top R (/i), we denote by Tree#(<5) the family of dyadic squares from 
Tree(i?) that are contained in 3Q and contain either some of the sixteen dyadic 
squares of equal length that form one square from Stop(Q), or some point from 
G(Q). 
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Lemma 5.13. For each Q e Top R (/z), 

e a (P) 2 »(P) < C(A, 5, so, v)e a (Q) 2 KQ)- (5-8) 

PeTrcc R (Q) 

Proof. For iGCwe define the function 

F(x) = V max e a (P) 2 , (5.9) 

k&L v ' 

where the notation P ~ (x, k) means that P is a 4-dyadic square containing x, 
with £(P) = 2" k such that some of the 16 dyadic squares of equal side length that 
form P belongs to Tree(Q). From the definition, it easy to check that F(x) = if 
x CQ, for some fixed C > 1. To prove the lemma we will show that H-FHl 1 ^) < 
CJQfliiQ). 

For A > 0, denote 

n x = {xeC: F(x) > \e a (Q) 2 }. 
For x G Q\, let k x be the minimal integer such that 

V max e a {Pf > \e a (Q) 2 , 

P~(x,k) 

k<k x 

and let S x ~ (x, k x ) be such that e a (S x ) is maximal. Let S x be the smallest 4-dyadic 
square such that \S X is /i a -doubling and contains S x . If £(S X ) > £(Q), from Lemma 
5.2, it follows easily that 

D^S x ,Q)<C 11 s a (Q) 2 , 
where Cn may depend on A, 5. . . . This implies that 

F(x) < C 12 e a (Q) 2 , 

with C\2 depending on Cn. 

Assume that A > Ci 2 . In this case, £(S X ) < £(Q). From Lemma 5.2 and the fact 
that for all P E Tree R (Q), e a (P) < C(A)e a (Q), one infers that 

D,(S x ,S x )<C n e a (Q) 2 . 
From this estimate, one deduces that 

F(y) > (A - C 13 )e a (Q) 2 for all y e S x , 
with C13 depending on Cn. So we have 

— C13 • 

From the doubling properties of the squares S x , there exists a subfamily {S Xi } such 
that the squares from this family are pairwise disjoint and 
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We may cover each square \S Xi with a family of squares such that each |Tj 

is /i a -doubling. By Lemma 5.12, for each Tj there exists some subset Aj such that 
M4) > C-^iTj) and 

F(x) < A + C 

(because of (b) in Lemma 5.12 and because D^Tj, S Xi ) < C). Using some appro- 
priate covering theorem (like Vitali), one infers that for each i there exists Ai C S Xi 
such that fJ>(Ai) > C~ l n(S Xi ) and F(x) < A + C u on A^. 
Since Ai C ^a-Ci 3 \ ^a+Ci 4 , we deduce 

M^-cJ > J] MA) > c- 1 > Cf 5 V(nA)- 

i i 

Thus, 

pt^x+cj < A^a-cJ " CT 5 V(^a). (5.10) 

We have 

poo poo 

\\F\Wm < e a (Q? / MOO d\ < C 12 e a (Q) 2 fi(CQ) + e a (Q) 2 / /i(fi A ) dX. 
Jo Jc 12 

We may assume that C 12 ,C 13: Cu are integer constants. Then, 



I 



Cl2 k>Ci2 

From (5.10), one can easily check that fx(Qk) decreases geometrically as k — > oo and 
that 

]T //(fi fe ) < Cn{Q), 

k>C 12 

and then the lemma follows. □ 



Proof of Lemma 5.10. Let Top it (/x) be the family described in Lemma 5.11. Since 
cfi(x) < 1 for all rr G C, we have 

0,(Q) 2 KQ)<C(A,5,soMR). (5.11) 

QeTop fl O) 

Notice that 

Tree(#) C |J Tree R (Q). 

QeTo PR ( M ) 

By the preceding lemma, for each Q e Top iJ (//), 

£ £ «( p ) W) < C(A, 5, e , r])e a (Q) 2 n(Q). 

PeTrcc fl (Q) 
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Together with (5.11) and the fact that e a {Q) ~ 0^(Q) for Q e Top R (/i), this yields 

PeTree(R) Q6Top H (/j) PeTrec fl (Q) 

<C Y, e«(Q)V(Q) < CieM^), 

Q6Top H (/i) 

with Ci6 depending on all the parameters 77, A, 5, e - D 

6. Construction of the measure v for the proof of Theorem 1.1 

In this section we will prove the estimate (3.1) following the ideas explained in 
Section 3. To this end, using the corona decomposition of the preceding section we 

2K 

will construct a measure v suported on <p{E) such that u(^>(E)) ~ r )(E) K + 1 and 
W\k_ 2k+i(x) < 1 for all x G <p(E). 

2K+1 ' K+l 

6.1. Preliminaries. Next lemma is just a rescaled version of Lemma 2.11 

Lemma 6.1. Let fi be a finite continuous (i.e. without point masses) Borel measure 
on C. For a > small enough (depending only on K), denote 

1 f / y — x \ 

£ o 0M) = £o(-B) = - / — - — )d/ji(y), h a (x,t) = te a (x,t), 

with tp a as in (2.2). Let <fi : C — > C &e a K-quasiconformal mapping and set 

e(x,t) = e a (0~ 1 ( J B(a;,t)))^Tr, =fw e (i,f). (6.1) 

If E C C is a compact subset contained in a ball B, we have 

M h2 (E) <C{R) ( M h {<t>{E)) 



diam(5) Vdiam^S))^ 

Lemma 6.2. Under the same hypotheses and notation of Lemma 6.1, given any 
square Q C C, if 

M h *(Qr)E)>C 17 h a (Q) 

with C17 > ; then 

M"(^n£))>C 18 ^(Q)), 
wii/i Cig > depending only on Cn and K . 

Proof. We have 

Mk ' (QnE) ->CeJQ). 



t(Q) 

Then, by Lemma 6.1, 

M h {<f){QnE 



diam(0(Q)) 



>Ce a {Q)—^ 



K+l 
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which is equivalent to M h (<p(Q n E)) > C 18 h((f)(Q)). □ 



Recall that the assumption M h2 (Q n E) > Cyjh a {Q) is satisfied by the squares 
from Sel(/i) in the corona construction in Section 5. 

To construct v we will use the structure of 4-dyadic squares from Sel(/i) intro- 
duced in the preceding section. We denote Sel(z/) := 0(Sel(/i)), and analogously for 
other families of squares such as Sels(z/), Se\ L (u), etc. Given a 4-dyadic 0-square 
R G Sel(z/), we denote T U (R) := (j){T ((f)' 1 {R))) and F V {R) := <p{F ((j)' 1 (R)) (see 
Subsections 5.4.1 and 5.4.2), and also G U (R) := (see (5.5)). 

We will define the values of v on the squares of Sel(z/) (and/or other subsets like 
G V [R) or F V [R), for R G Sel(i/)) inductively. To start with, we set 

uMRo)) = M\<P(E)). 

Recall that Rq is the biggest 4-dyadic square from Sel(/x), so that E is contained in 
one of the 4 dyadic squares that form \Rq. 

In the algorithm of construction of v, after fixing v(R) for some R G Sel(z/), then 
one defines the values of v(P) for all P G %(R) , as well as in G(R) U F(R). To 
this end, it is necessary to distinguish two cases, according to wether R is of type L 
or S. In Subsection 6.2 we consider the case where R is of type L, and in Subsection 
6.3, the one where R is of type S. 

To simplify notation, in the rest of the paper given a square Q, we denote Q' = 
4>(Q). Usually, the letters P,Q,R will be reserved for squares, and P',Q',R' for 
^-squares. 

6.2. Definition of v on %(R') when R' G Sel L (z/). Suppose first that 

^G{R))<\^-R). 

6.2.1. First step: definition of u(5Sj)), j G Ir. Recall the definition of the squares 
Sj, j G Ir, in (5.6). In particular, recall that the squares 5Sj, j G Ir, are pairwise 
disjoint, contained in R, so that Sj fl Tr ^ 0, and moreover, 

5>(S,-) > CTV(i2). 

jei R 

Since 

>C 19 diam(r fl ), 

jeiR 

with Ci 9 depending on A, 5 (but not on rf), from Lemma 4.5 we deduce 

t(SjT > C 2O diam(0(r)) a w £(R') a , 

jeiR 
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where a > 2/{K + 1) depends only on K, and C20 depends on C19, K, and the 
parameters of the corona construction (except 77). In fact, a similar argument shows 
that the set G' := {J jelR 55} satisfies 

H^(G')>C 21 diam(0(r)) Q . 

By Frostman Lemma, we deduce that there exists some measure a supported on G' 
such that a{G') = H^(G') and 

a(B(x, r)) < Cr a for all x G C, r > 0. 

We define 

(recall that we assume that v{R') has already been fixed). Notice that if P' is a 
^-square concentric with S'j which contains 5S'j and is contained in 3R', then 



Therefore, 



p')ktt " v(R')J t{R')T?n 



<n <,wy--^. (6 . 2) 



6.2.2. Second step: definition of u(P') for P' e T U (R'). Recall that for each j e Ir, 
there is a family V = Tj iV (R')\J Fj(R') of 0-squares or points P' which are contained 
in 5S'j, such that different 0-squares 5P' are pairwise disjoint and 

J\Jp)>C- 1 f ,(5S j ). 

We denote 

g;. = U 

P'ev 

The measure v will satisfy 

To define the appropriate values of v(P'), for P' e P', we will follow an algorithm 
inspired by the proof of Frostman Lemma "from above". Let Q' Q be a dyadic 0- 
square contained in 55}, with £(Qo) = £(Sj), such that fJ,(Q' fl G'j) is maximal. We 
set 

t(Q' ) = 1/(55}), (6.3) 

where r should be considered as a preliminary version of z/ on some 0-squares con- 
tained in 5Sj. If Q' is a dyadic 0-square contained in Q' such that r(Q') has already 
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been defined and Q' is not contained in any 0-square from V 1 (in particular, Q' £ V), 
then we define r on the sons Q' 1: . . . , Q' 4 of Q' as follows: 

M"w;nq) 

rW ' ) = E 4 «^flin G }) TW) - (6 ' 4) 

Clearly, we have Xa<j<4 T (Q'i) = T {Q')- At the end of the algorithm, for each P' e V' 
there is a pairwise disjoint family of dyadic 0-squares T[, . . . ,T' m such that P' = 
Ui<j< m so that r (^7) nas been defined. We set 

l<j<rrt 



6.2.3. T/ie case fj,(G(R)) > |/i(|P). The arguments for this case are very similar 
to the ones of Subsection 6.2.1. Instead of 0-squares Sp we have now points from 
G V {R'). We leave the details for the reader. 

6.3. Definition of v on T U (R') when R' e Sels(z/). 

6.3.1. The case fi(F(R)) < \n{\R). Recall the definition of the family of squares 
T(R). For P e T(R), Set 



K+l 
K 



U(P)= £ e a (Qf= <Q'y 

QeV:PcQCR Q'G<pV:P'CQ'CR' 

By Lemma 5.10, 

£ U(P)ii(P)<C(ri)ii(R). (6.5) 
pgT(r) 

Since (UpeT(R) ~ M-^Oj by Tchebytchev there is a subfamily Ti(P) C 
such that 

J (J Pj^fx(R) and U{P)<2C(r]) for every P e T^P). (6.6) 
For P' G T^P') \ T ljU (R'), we set 

p(P') = 0. 

To define p on the 0-squares from %_^{R') we follow the same algorithm of Sub- 
section 6.2.2: we denote 

G'= |J P'. 

Let Qq one of the 16 dyadic squares that form R such that /i(Qo fl G) is maximal. 
We set 

r(Q' ) = u(R'), 
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where r should be considered as a preliminary version of v on some 0-squares con- 
tained in R. If Q' is a dyadic 0-square contained in Q' such that r(Q') has already 
been defined and Q' is not contained in any 0-square from T ul (R') (in particular, 
Q' G" T V ^(R')), then we define r on the sons Q' 1: . . . , Q' 4 of Q' as follows: 



M h {Q' i nG') 

Yl=\ Mh (Q'k n G ') 

Clearly, we have Xa<i<4 r ( ( 30 = t(Q'). At the end of the algorithm, for each P' G 
% t i(R') there is a pairwise disjoint family of dyadic 0-squares T[, . . . ,T' m such that 
P' = Ui<i< m T ! so that T ( T l) has been defined. We set 

Ki<m 



6.3.2. The case /x(F(i?)) > \ fi(^R). This case is treated as the preceding one, with 
the convention that the points from F(R) are the same as squares with zero side 
length. 



6.4. Estimate of the Wolff potential of v on trees of type L. 
Lemma 6.3. Let R' G Se\ L (v). If v(R') < bh(R'), then 

v{P') < C 2 2 br] a -^h{P') for all P' G %{R'). (6.7) 

Also, ifQ' is a (p-square such that P'cQ'c 3R' for some P' G T U (R') U G U (R') U 
F V (R'), then 

HQ') < C 22 bh(Q'). (6.8) 
Moreover, for each P' G %[K) U G V [R!) U F V (R') 

^ / u(3Q') 

Q'£4>V:P'CQ'CR' \t(Q') K+ 

Let us remark that the constant C 22 is independent of rj in the definition of "long 
trees" . 

One of the key points in this lemma is that, by (6.7), 

u{P') v{R') 
h(P') < h{R>) 

if P' G %(R'), for R' G Sel^z/), assuming that i] is chosen small enough. This is 
due to improved distortion estimates for sub-arcs of chord arc curves. This point 
plays an essential role in our proof of Theorem 1.1. 



<Cb*P 



(6.9) 
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Proof. For simplicity we will only consider the case where n(G(R)) < n{\R)/±, and 
that fj,(Fj(R)) < fx(Sj)/2 for all j. By arguments quite similar to the ones below, 
one can deal with the other cases, considering points as squares of zero side length. 

Recall that if Q' is a 0-square concentric with Sj which contains 55^- and is con- 
tained in 3R', by (6.2), 

"«o <c( e m)°- A j^< Cb (mY-™ em , (6 , 0) 



since v(R') < b£(R') 1 <+ I e(R'). By construction, e(Q') « e(R') and so we get 



2 „ 2_ 

K+l 



u{q,) - cb {W)) K+1 ^'^ £ ^ = cb {W)) KQ,) - (6 - n) 

Recall that the subset G'j = \J P , eV , P' of 55^- and the 0-square Q' in (6.3) satisfy 

M h2 {Q n Gj) > C^niGj) > C _ V(5^). 
Since e a (R) ~ e a (5Sj) ~ 9^(5Sj), this implies 

M fc2 (Q nG j )>CM55 , i ,-), 

and then, by Lemma 6.2, 

M^g^nc;.) > c/i(5^). 

Thus, by (6.11), 

r(Q(,) = z/(5^) < C 23 br ] a '^M h (G' 1 n Q(,). 

We claim that all the numbers r(Q') in (6.4) satisfy the analogous inequality 

r(Q') < C 23 br 1 a -^M h (G' j n Q 7 ). (6.12) 

To prove this, it is enough to show that if this hods for some 0-square Q', then 
it also holds for its sons Q[, 1 < i < 4, assuming that Q' is not contained in any 
0-square from V' (this was the necessary condition to define r(Q' i ), 1 < % < 4). By 
(6.4), we get 

Af(Qj n q) 

r = Et.i WfQ't n g;) 
M h ((l' nfl 

£ M#H4 rW ' ) - C23, " riiiM '' w - nG ' ) ' 

and so (6.12) holds. From this estimate one easily obtains 

i/(Q') < Cbr 1 a -^M h (Q' i n C;.) 
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for Q' contained in 5Sj and containing some Pq G T{R'). Indeed, 

v(Q')<J |J P> 

\P'er v (R'):P'nQ'^0 

From the fact that the ^-squares 5P', P' G %(R') are pairwise disjoint, it follows that 
if intersects another 0-square P' G T U (R'), then £(Q) > ^(P). As a consequence, 
all 0-squares P' G %(R') intersecting are contained in 3Q'. Thus, there are at 
most four dyadic 0-squares L[, . . . , L' 4 with £(Li) < 2£(3Q) that contain all 0-squares 
P' G T V {R') intersecting Q'. Then, by construction we have 

4 4 
i=l i=l 

From (6.11) and the preceding inequality, one easily deduces (6.7) and (6.8). 
To prove (6.9), it is enough to show that for each P' G T V {R') 



( J ^t^t) 

Q'£4>V:P>CQ'CR' \£\Q') K+1 J 

Suppose that P' C S'j. Then we split the sum above as follows: 



K+1 

K 

K+1 



K+1 



E = v ... + v ... =:Tl+r , 

Q'€<t>V:P'cQ'CR' \£(Q') K+1 J Q'e<pV:S' j CQ'cR' Q'e^v-.P'cQ'csr 

To estimate the first sum recall that by (6.10) we have 

1/(30') 



Then it follows that T x < C(be(R')) K . Recalling that e(R') = e a (R)^ < C, we 
infer that 

Ti < 

To estimate T 2 we use the fact that 

v(3Q') 



K+1 



< Cbe{Q') 



and the fact that P M (P, Sj) < Ce a (Sj) 2 < Ce a (R) 2 , by construction, and so 
J2 <Q')^ « < C £ (P')^ < C, 



Q'^v-.p'cQ'csr 

and then we deduce that T 2 < Cb~ . □ 
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6.5. Estimates for the Wolff potential of v on trees of type S. Recall Defi- 
nition 5.9 of Tree( J R) for R G Sel 5 (/i). We denote Tree^-R') = }(Tree(R)). 

Lemma 6.4. Let R' G Sel s (i/). If v{R') < bh(R'), then 

u(Q') < C 24 bh(Q') for all Q' G Tree^i?') (6.13) 

and, for each P' G %(R') U F V (R'), 

<C(,)6^. (6.14) 

£{Q') K+1 J 

The constant C 2 4 above is independent of rj in the definition of "long trees" . 

Proof. The arguments to prove (6.13) are very similar to the ones used in Lemma 6.3 
to show that analogous estimates hold for the squares contained in the squares Sj, 

taking into account that fi (Upe7i(R) P) ~ M-R)> by (6.6). So we skip the details. 
On the other hand, from (6.13) we also infer that 

v(3Q') < Cbh(Q') for all Q' G Tree^iT)- 

Then, (6.14) follows from this estimate and the fact that for every P' G T U (R') : 

e{Q')^ < C( V ), 

Q'£4>V:P>CQ'CR' 

by (6.6). □ 



7. Proof of Theorem 1.1 

Recall that the measure v supported on <j)(E) that we have constructed in Section 6 
satisfies 

v{<f){E)) = M h ((f)(E)) > n{E)Mi ~ 1 (E)Mt. 
Thus the theorem follows if we show that 

^ 3Q '} 1 <C for all x G supp(z/). (7.1) 
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Let {R' n } n >o be the collection of 0-squares from Sel(z/) which contain x. We assume 
that i(R n ) > £(R n +i) for all n. We split the preceding sum as follows: 

K+l K+l 

^ ( vw) \ K = u{3Q " K 



Q>£<pV:xeQ> V(Q') K+1 J Q'e^CQ' V(Q') K+1 



K+l 
K 



n>0 Q'£cpV:R'CQ'cR' n \^(Q ) K+ ' 



(7.2) 

To estimate the sum Si on the right side, one only needs to take into account that 

K+l K+l 

vmu)) \ K l(R'^ ( u(6(E)) \ K £(R')* . „e(R')% 



i<P(E)) ) K _ {Wl ( ^ E )) \ K < t J£>*L em zp < c t l& 

and summing over those Q' G (j)V containing R' , we get Si < C. 
To deal with S 2 , observe that, by Lemmas 6.3 and 6.4, 



2_ 1 
K 



K+l 
K 



E E 3 <^)E 



«>OQ'€^:^ +1 CQ'C^ V(Q') K+1 J " »>oVW 

Lemma 6.3 tells us that if i?^ G Sel^z/), then 

< C 25V a -^T 



K+l 

K 



KK + i)- Ml h(R' n Y 

and if R' n G Sels(z/), then 

h(R' n+1 )~ 25 h(R' n y 

where C25 is the maximum of the corresponding constants C22 and C24 in (6.8) and 
(6.13). Notice that, by construction, for all m, it turns out that either R' m or R' m+1 
belongs to Sel^f). As a consequence, 

S<ffl r 

if 77 is chosen small enough (recall that C 25 is independent of 77). Thus, S 2 < (^(77) 
and (7.1) follows. 
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8. Examples showing sharpness of results 

8.1. Some results from [ACM + 08]. The state-of-the-art for largest "metric" (or 
"size") sufficient conditions for removability theorems for bounded K quasiregular 
maps is given by Theorem 1.2 in [ACM + 08]. 

Theorem 8.1 (Astala, Clop, Mateu, Orobitg, Uriarte-Tuero). Let K > 1 and 

suppose E C C is a compact set with 'H~ K + l {E) o --finite. Then E is removable for 
bounded K quasiregular maps. 

As a first remark, let us mention that from Theorem 1.1 we recover this result. 
Indeed, if E C C and W&iE) < oo, then C 2 K 2K+1 (E) = 0. Also if E { C C, 

2K+1 ' K+1 

for i = 1,2,... and E = M°-i E t with H^tEA < oo, then C 2 K 2 K +i (E) < 

4—1 2K+1 > K+1 

C 2K 2K+1 (Ej) = 0- Consequently, recalling that by Stoilow's factorization 
any K- quasiregular map / can be factored as / = h o g, where h is analytic and g 
is X-quasiconformal, by Theorem 1.1 in the present paper, E is removable. 

Of course, in order to prove Theorem 1.1, we used many of the ideas in [ACM + 08], 
so we are not claiming any novelty. 

To contextualize some of our examples below, we recall the next result from 
[ACM+08]. 

Theorem 8.2 (Astala, Clop, Mateu, Orobitg, Uriarte-Tuero). Let K > 1. Suppose 

2 

h(t) = f^Ti e(t) is a measure junction such that 

re(t) 1+1 / K 

/ — dt < oo (8.1) 

Jo t 

Then there is a compact set E which is not K -removable and such that < H h (E) < 
oo. In particular, whenever e(t) is chosen so that in addition for every a > we 
have t a /e(t) — > as t — > 0, then the construction gives a non-K -removable set E 
with dim(_E) = 

8.2. Example 1. Our next example shows that Theorem 1.1 is strictly stronger 
than Theorem 8.1. Indeed, let us recall Theorem 5.4.2 in [AH96], adapted to our 
situation. 

Theorem 8.3. Let h be an increasing nonnegative function on [0, oo). If 

^ '/i(r)V + £ dr 

1 — = oo , 



2 , 
f K+1 J T 

then there is a compact set E C C such that Ti h (E) > and C ik 2k+i (E) = 0. 

2K+1 ' K+1 

If we choose h(r) so that it satisfies the conditions in Theorem 8.3 but > 

2 

as t — > 0, then the set E obtained in Theorem 8.3 will be non-a-finite for H K+1 , 
but will be removable for bounded K- quasiregular maps due to Theorem 1.1 and 
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Stoilow's factorization. For this purpose it is enough to choose h(r) = r + p when 

log(i) 

r is small enough, so that (5 > and (3 (l + ±) < 1. 

8.3. Basic construction for the subsequent examples. For our subsequent 
examples we need to refine the construction from Theorem 8.2. To this end we 
argue as in [UT08]. We assume the reader is familiar with that paper and we will 
use the notation from it without further reference. The formulae look slightly nicer 
if we assume in the construction that e n = for all n, i.e. that we take infinitely 
many disks in each step, completely filling the area of the unit disk D (see equations 
(2.1), (2.2) and (2.3) in [UT08].) It is not strictly needed to set in that construction 
e n = for all n, and we will later indicate the corresponding formulae if e n > 
for all n (which is the case in [UT08].) The construction in [UT08] works as well 
if we set e n = for all n, the only point that the reader might wonder about is 
whether the resulting map is K-quasiconformal. However, this can be seen easily 
by a compactness argument (approximating the desired map by maps with finitely 
many circles in each step which are fT-quasiconformal and have more and more disks 
in each step of the construction). 

So we get (see equations (2.5) and (2.6) in [UT08]) a Cantor type set E and a 
fT-quasiconformal map so that a building block in the N th step of the construction 
of the source set E is a disk with radius given by 

S h,-,3N = {(?i,ji) K R i,h) ■ ■ ■ {( a N,j N ) K Rnj n ) , (8.2) 

and a building block in the N th step of the construction in the target set 4>{E) is a 
disk with radius given by 

tju-jN = ( a hji R i,h) ■ ■ ■ ( a N,j N Rn,j n ) ■ ( 8 - 3 ) 
Now we consider a measure \x supported on <f>(E) (which will be the "large" set 
of dimension d! — 1) and its image measure v = supported on E (which will 

be the "small" set of dimension d = given by splitting the mass according to 

area. More explicitly, 

M») = 1, (8-4) 
for any disk = (O) of the first step of the construction with radius 

tji = Ri,h), 

tiBi*) = (Ri^) 2 , (8-5) 
and in general, for any disk B l ^ lN jN = o • • • o ( D ) of the N th step of 

the construction with radius tj u ...j N = (ci,.n -^iji) • • • ( a N,j N Rnj n ), 

v{ b n'-J^.,3 N ) = ( R hh ■ ■ ■ R N,j N ) 2 ■ (8.6) 
Since we took e N = for all N, the total mass of /j, is always 1 on every step. (If one 
prefers to take En > for all N, the definition should be changed to ^{B l ^\J^ - N ) = 
(Rij-l ■ ■ ■ Rnjm) 2 n^Ar+i (1 — £ n), and the total mass of ji gets renormalized by the 



QUASICONFORMAL MAPS, ANALYTIC CAPACITY, AND NON LINEAR POTENTIALS 51 



factor n^Li (1 ~~ £ n) > 0, but otherwise the rest of the construction we are about 
to describe works, keeping in mind these renormalizations.) 

Since v is the image measure, for any disk D l ^':^ lN - n = (p\ 1 ji o • • • o (p l ™ ( D ) = 

<l>~\ Bi Ntii"jN = ^t'i ° • • • ° Vnjn (»)) we get ^ 



"KJ = ( R hh • • • r nj n ) ■ (8.7) 

Lemma 8.4. For the Cantor type sets just described (in subsection 8.3), for any 
a,p > with ap < 2, and for x e E, the Wolff potentials satisfy 

w» ( X ) ~ Y(" {n{r --' )] y' ' ~ v f ^^ Y' 1 



31, ---.JN 



and analogously for v, D l ^'.'j'^ N - n and Sj u _j N . 

Proof. We first introduce some convenient notation. For any multiindexes / = 
(ii, ...,in) an d J = ...,j N ), where 1 < ik,jk < oo (since we are taking infinitely 
many disks in each step of the construction), we will denote by 

^^^/-^(D) (8-8) 

a N,j N 

a protecting disk of generation N. Then, P^j has radius 

r i P L,.j) = tju-jN = • • • cr N-i,j N _ 1 ) (Ri,n ■ ■ ■ Rnj n ) ■ 

a N,j N 

Analogously, we will write 

G%j = i>?j 1 o-~oi>i» ijN (B) (8.9) 
in order to denote a generating disk of generation N, which has radius 

r i G f;j) = tjl,-,3N = • • • °~N,j N ) (Rl,n ■ ■ ■ RN,j N ) ■ 

Notice that, since all values of o~ n j n and R n j n are < j^q, then /j,(Gf.j) = fi(2Gf.j), 
so we can pretend without loss of generality that the radii tj l!mmm j N are dyadic numbers. 

Now, if r(G%j) < t < r(Pj N j), and x G E so that B(x, t) C 'p"j, then n(B(x, t)) = 
fx(Gf.j), so that 

v f f^Bjx^ Y' 1 
I 2 n ( 2 ~ a p) / 

n:G^CB(i,2")CP^ V 7 

is a geometric series with sum comparable (with constants of comparison only 
depending on a and p) to its largest term, namely, up to universal constants, 
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And if r(P^j) < t < r(Gf,7j}), where G*7j) is the unique generating disk of 
generation N — 1 containing P^j, and x £ E so that Pf^j C B(x,t) C Gf,7j}, then 

t 2 2 

/x(.B(x, £)) < 7 ^y- r- (R ltjl . . . R N -l,j N ^) , 

[a ldl . . . a N _ ljN _ 1 ) {n ldl . . . k N - 1Jn _ 1 ) 

(8.10) 

i.e. the mass that /i assigns to B(x,t) is proportional to its area once Gp.j] is 
renormalized to O, but multiplied by the mass that /j, assigns to GpTj], namely 
(R ldl . . . R N - ltjN _y . Hence 

p'-i 

E 



n:P[fjCB(x,2^)CG^-Ji 



fi(B(x,2 n )) 



r(G , ,) 

is dominated by a geometric series (if n appears in the above sum and 2™ = — 
with k > 0, then (*$^J < ( r( j|g Qp) ^fc^)" , and hence the 

above sum is < ( r^rfef^ ; ) , with constants of comparison only depending 

\ r ( G l';J>> ) 

on a and p.) □ 

8.4. Example 2. In view of example 1, it is natural to wonder whether all compact 
sets E with 7i h {E) = for some gauge function h(r) satisfying h ty — > are 

r-K+i 

removable for bounded i^-quasiregular maps, i.e. whether there is some condition 

2 

strictly weaker than 7i K + 1 (E) being a-finite in terms of the gauge function h, which 
guarantees removability. Our next example shows that this is not the case. Notice 
the resemblance to Theorem 5.4.1 in [AH96]. 

Theorem 8.5. Let h be a positive function on (0, oo) such that 

h(r) 

E (r) = -V- ^ as r -> 0. 

f k +i 

Then there is a compact set E C C such that TL h (E) = and a K -quasiconformal 
map d> such that MSE) > (and hence C ik 2k+i (E) > 0, due to Theorem 1.1.) 

2K+1 ' K+l 

Proof. For E and <fi as in Subsection 8.3, notice that by Lemma 8.4, for x G <f>E 

wa.ix)** y ( tif J ) 2 = y ( Ri^-Rnj^ 2 

N: X ^,^. V } ' V:^r-. V^"--^ 

N\Ji,...,]pf N:ji,...,j n 

2 

Since on the one hand E is very "close" to satisfying < 7i~^+ l (E) < oo and 
< li}(<pE) < oo (see (3.11) and (4.5) in [UT08]), and on the other hand an 
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important element in the proof of the semiadditivity of analytic capacity is that the 
potential is "approximately constant" on each scale (see [Tol03]), the above equation 
suggests the choice 

a NjN = R NJn d N for all N, (8.11) 

where dx G [1,2] is a parameter to be determined, independent of j'jv- 
If we take 

d s = ^1 (8.12) 

then, for x G <pE, we have 



3 ' 2 



f U 1 1 °° 1 



so that Q s(0-E) > 0, and 7(0£) > 0. 



3 ' 2 

Let us denote e^ ax = max{e(sj l!mmm j N )}. For each N, substituting (JN,j N = 
RN,j N d N , recalling that J2j u ...,j N ( R i,h ■ ■ ■ R N,j N f = 1, and that d n = we 
obtain 



= E £ ( S 3i,-,3n) ((^ijJ^-^iJi) • • • {( a N,j N ) K 'Rnj n ) 

31,— ,3 n 

< e N max (dx . . . d*)^ ^ (i? 1;J1 . . . itWjJ 2 



•J JV 

31,— ,3 n 3i,—,3n 



2 



3i,—,3n 

= e% ax (d 1 ...d N )x*=eZ ax (N + l)'K*. (8.13) 



2if 

Choosing Ri t j 1 . . . Rnj n small enough in the construction so that e^ ax (N + 1) K+1 
as N -> oo, one infers that H h (E) = 0. □ 

8.5. Example 3. The preceding example can be modified (notice the analogies with 
Theorem 5.6.4 in [AH96]) to show that 

Theorem 8.6. There is a compact set E C C such that ^{(frE) > (and hence 
C 2k 2k+i (E) > 0, due to Theorem 1.1), but H h (E) = for every positive function 
h such that 

e ( r ) = — i s non decreasing, 



and 



1 / h(r) \ a dr 
! 1 — < oo, for some a > 0. 



2 . 

o \r K + 1 I r 
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Proof. In the preceding construction, denote S^ ax = max {sj 1: ...j N } and choose 
Smax — e ~ eN ■ Since e is non decreasing, £(sj u .. mi j N ) < e(e" eN ), and from (8.13) 
we deduce 



[H\E)] a < liminf { [e(SU] a N%&} < liminf £ [ e ( e -")] a 

°° I n=N 

Using that again that e is non decreasing and setting s = e~~ , we obtain 
[H h (E)] a < limmf^E / 



2Ka 



< lim inf 

A 1 "— >oo 



lim inf 

N—*oo 



< lim inf 

~ N->oo 



.n=N 



log(i 



K + 1 alt 
T 



-N+l 





a 




e(e *) 




Ki)] 



T 

2Jfa 



[log log Q)]™ ds 



log Q) 



ds 



(8.14) 
□ 



8.6. Example 4. Examples 2 and 3 strongly suggest that the language of capacities 
C a>p is better suited to understand the removability for bounded -fT-quasiregular 
maps than the language of Hausdorff measures. Hence it is natural to wonder how 
sharp Theorem 1.1 is in the category of capacities C a ^ p . To that effect, it is useful 
to recall Theorem 5.5.1 (b) in [AH96] adapted to our situation (and combined with 
Proposition 5.1.4): 

Theorem 8.7. Let E C C. Then there is a constant A such that 

C p , q {E) < AC a , p (E) , 

for /3q = ap = 2 - ^ = f^, p < q. 

Moreover, there exist sets E such that Cp^E) = but C a ^ p (E) > 0. 

Hence it is conceivable that Theorem 1.1 might be strengthened to a statement 
of the form 

> c _i ( -mm \ ^ 

diam(.B)*k ~ \diain(0(5)) J 

for some f3,q such that f3q = and < q, i.e. for q' — 1 < 1 + j^. The 

following theorem shows that the answer to this question is negative. 
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Theorem 8.8. For any (3, q > such that (3q = j^-y and 2 ^+l < Q> there exists a 
compact E C C and a K -quasiconformal map s«c/i £/ia£ j((j)E) > (and /ience 
C 2K 2K+i (E) > 0, due to Theorem 1.1), but Cg g (E) = 0. 

2K+1 ' K+l ™ 

Proof. As in the construction in Example 2, we choose <?N,j N = Rnj n d^- Then, for 

v e 




while by Lemma 8.4 and (8.2), for x £ E, 



so that, substituting o"jv JjV = Rnj n we get, for x E E, 

Now choose (rf i ) 2( ' ? '" 1) (7?TT) = so that for x E E, W£ q (x) « £^° =2 - = 

J n 

while for y G 

1 

3 (2/) « V - < OO, 



n=2 



since (g' - 1) (^) < 1. 

The fact that W^3(y) < oo for all y E (j>(E) implies that C2 s(<j)E) > 0, and 
3 ' 2 3 ' 2 _ 

hence "fi&E) > and C 2k 2K+1 (E) > 0), while from the fact that WZ„(x) = 00 for 

2K+1 ' K+l P ' H 

all x G £ one infers that C^ q {E) = (see Proposition 6.3.12 and (6.3.4) in [AH96], 
adapted for the potential Wp q .) □ 

Let us remark that the above example also gives that C 1>r (E) = if ^ r < (3 q = 
2K/(K + 1). This due to the fact that there is some constant A indendent of E 
such that 

C^riEy'P-rt < ACUEflV-M. 
See Theorem 5.5.1 of [AH96]. 

9. Final remarks 

The Main Lemma 2.11 on the distortion of ^-contents can also be proved using 
arguments based on the ideas in [LSUT], instead of [ACM + 08]. Following this new 
approach one can extend the Main Lemma 2.11 to /i-contents M h , with h of the 
form h(B(x,r)) = r* e(B(x,r)), for all < t < 2. As a consequence, one can extend 



56 X. TOLSA AND I. URIARTE-TUERO 

Theorem 1.2 (a) to all capacities C a>p , with a > 0, 1 < p < oo, such that ap < 2. 
Then, one obtains the following: 

Theorem 9.1. Let a > 0, 1 < p < oo, such ap < 2. Denote t = 2 — ap and 
t' = 2K-Kt+t ■ Let E C C be compact and <fi : C — > C a K -quasiconformal map. If 
E is contained in a ball B, then 

CUE) > ( c a ,ME)) 



2K-Kt+t 

(9.1) 



diam( J B) t ' ~ I diam(0( J B))< 
with 

4K- 2Kt _ IKpt - 3Kt + 2K + t 

P ~ 2Kpt-3Kt + 2K + f 9 ~ 2K -Kt + t ' 
The constant in (9.1) only depend on a, p, K. 

The proof will appear elsewhere. 
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